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BULLETIN 
OF THE 
AMERICAN MATHEMATICAL SOCIETY 


THE SEMICENTENNIAL CELEBRATION 
SEPTEMBER 6-9, 1938* 


The Golden Jubilee of the American Mathematical Society was 
celebrated at its birthplace, Columbia University, New York City, 
September 6-9, 1938. In its scientific features as well as in regard to 
other festivities, the Semicentennial Celebration stands unsurpassed 
among the meetings of the Society. From the time of the opening of 
the Celebration on Tuesday evening until the last lecture on Friday 
at noon, the Society’s program proceeded on a very high level. Co- 
lumbia University possesses admirable facilities for such gatherings 
and these were put at the disposal of the Society. Its hospitality on 
this, as on so many previous occasions, was genuine and gracious. 

The attendance was large and representative geographically. The 
only other meeting of the Society which rivaled it in attendance was 
the Summer Meeting of 1936 held in connection with the Harvard 
Tercentenary. There were 418 members of the Society who registered 
and many other members were present. In all, including families, 
600 persons registered, and there were probably 100 others who at- 
tended one or more sessions. In members registering from 39 states, 
New York State led with 133, Pennsylvania was second with 38, 
followed by Massachusetts with 34, New Jersey and Ohio each with 
22, Wisconsin with 16. Regions were represented as follows: 


New England 65 Pacific and Rocky Mountain 13 


North Atlantic 204 Canada 16 
Middle Western 78 Foreign 3 
Southern 39 


It was interesting to note the array by age groups, there being a 
considerable number present who attended meetings in the earliest 
days, as well as numbers of those who joined the Society decade by 


* Those phases of the gathering which pertain to a usual meeting of the Society 
have been recorded in the report by Associate Secretary Hollcroft in the November, 


1938, issue of this Bulletin. The present report concerns the Semicentennial Celebra- 
tion only. 
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decade, and down to the young instructor and graduate student. Of 
those members who registered, 7 joined the Society during the first 
decade of its life, 1888-97; 36 in the decade 1898-1907; 45 in the 
decade 1908-17; 117 in the decade 1918-27; and 213 in the last 
decade. 

Secretary Ingraham has collected some interesting figures concern- 
ing attendance at meetings during the period since 1891, when at- 
tendance began to be recorded. Seven members of the Society are 
listed as each having attended one hundred meetings or more: T. S. 
Fiske, 164; E. R. Hedrick, 132; Edward Kasner, 118; R. G. D. Rich- 
ardson, 118; H. S. White, 115; S. A. Joffe, 111; Oswald Veblen, 109. 
Fifty have attended fifty meetings or more, so that the average 
attendance of each of these is at least one meeting a year over the 
whole half-century. 

The weather proved to be ideal and the arrangements which had 
been so carefully worked out in advance were carried out unobtru- 
sively but with perfect precision and with due regard for the well- 
being of the visiting mathematicians. 

A resolution of thanks to those who participated in the preparation 
for the meeting (given in Appendix L) was drawn up by Professors 
Tomlinson Fort and Richard Morris; it was enthusiastically adopted 
by the Society and ordered spread on the records. 


ORGANIZATION 


It was ten years ago (April, 1927) that the Committee on the 
Semicentennial was established, and during these years the plans 
have been gradually taking shape. The original committee consisted 
of Professors T. S. Fiske (chairman), R. C. Archibald, J. L. Coolidge, 
L. E. Dickson, E. R. Hedrick, Dunham Jackson, James Pierpont, 
M. I. Pupin, R. G. D. Richardson, and Oswald Veblen. But, from 
time to time, it has been changed to care for new situations; the 
complete membership of this committee and the subcommittees is 
given in Appendix M. During the past two years the Committee 
has been especially active, this activity mounting in a crescendo up 
to and during the time of the meeting. At one time there was a sug- 
gestion that this Celebration be merged with the International 
Congress of Mathematicians, but the final decision was against such 
action. Finally, in February, 1937, the Council voted to fix the time 
of the Celebration as September, 1938. 

A sinking fund had been accumulated to carry the expense of the 
Celebration, but only a portion of this was used. The registration fees 
of $2.00 (and $1.00 for members of families) brought in more than 
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one thousand dollars, which aided in the expenses of the meeting. 
The cost of special features in connection with the recognition of the 
services of the Founder of the Society were met by a fund raised by 
special subscription among friends who delighted so to honor him. 

A sum of $5600 was voted by the Council and Board of Trustees 
for printing the two volumes of the Semicentennial Publications; but 
here again the fund was not all used. 

One of the activities of the Semicentennial Committees has been 
to bring into order and completeness the records of the past fifty 
years. There are approximately 1700 persons who have been members 
at some time and are no longer on the rolls. To be more exact, there 
were, in 1936, 1681 persons who had been members, whose names oc- 
cur in neither the 1936 nor the 1938 List of Members. Of these, 
467 are known to be dead. At the request of the Council and with 
the help of a large group of the older members, the prolonged efforts 
of the Secretary have resulted in the preparation of brief biographies 
of most of these persons as well as of present members. These biog- 
raphies are to go into the Society’s files. 

Various subcommittees had been appointed to take care of special 
parts of the projected program. The first of these was a Subcommittee 
on Program, with Professor R. C. Archibald as chairman, who drafted 
the plan for the meeting; to implement this plan a Subcommittee on 
Invited Speakers, consisting of five ex-presidents, was chosen to 
make recommendations of personnel. They prepared a list of speakers 
and alternates which was adopted by the Council. The local Sub- 
committee on Arrangements, with Professor W. B. Fite as chairman, 
then took up with conspicuous success the arduous task of putting 
into effect recommendations of the various committees. Professor 
A. E. Meder undertook the publicity for the meeting and his work is 
an auspicious beginning of activities which the Council hopes to 
continue. Professor D. E. Smith, as chairman of a Subcommittee on 
Exhibits, put all the facilities of his splendid collection of books and 
instruments at the disposal of the meeting. The Subcommittee on 
Publication undertook to edit and publish two volumes of Semi- 
centennial Publications. That these volumes appeared in time for 
the meeting is due to the untiring efforts of the chairman, Professor 
Snyder, who, even with the cooperation of the authors, was faced 
with a serious limitation of time in getting out these volumes between 
the receipt of the manuscripts and the meeting. The Society acknowl- 
edges, too, the splendid cooperation of the George Banta Publishing 
Company which printed the volumes. Special mention should be 
made of the able and unstinted services of the Executive Secretary, 
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Dr. Thornton C. Fry, appointed in July, 1935, who was responsible 
for coordinating the activities of the various subcommittees and who 
devised some of the admirable features of the program. He was fortu- 
nate enough to be able to call also on the facilities of the Bell Tele- 
phone Laboratories, and on his colleagues there for advice about 
some of the more important parts of the program. 


THE OPENING SESSION OF THE CELEBRATION. TRIBUTE TO 
COLUMBIA UNIVERSITY 


The first activity of the Semicentennial Celebration as such was a 
reception tendered by Columbia University to the visiting mathe- 
maticians. It was held in Johnson Hall on Tuesday at 7:30 p.M., and 
was attended by four hundred persons. In the receiving line were 
President and Mrs. Butler of Columbia University, Professor and 
Mrs. W. B. Fite, President Moore of the Society, and Professor Fiske. 

At 9:00 p.M., immediately following this reception, there was a con- 
vocation in McMillin Theater at which President R. L. Moore pre- 
sided. After some remarks regarding the place in mathematical 
research to which America has risen in the past fifty years, he called 
the roll of delegates who had been appointed by sister organizations 
to represent them at the Celebration. Each delegate arose as his 
name was called and received the greeting of the members of the 
Society present; a few of them handed to President Moore scrolls 
containing messages. A list of all delegates appointed is given in Ap- 
pendix J. 

There were many congratulatory letters, some of which are quoted 
in Appendix K. In addition to these, there were briefer messages from 
the following societies and individuals: Amsterdam Mathematical 
Society, Samuel Dickstein, A. J. Kempner (as president of the Math- 
ematical Association of America), Casimir Kuratowski, and Pomeroy 
Ladue. 

It had been recognized, from the time when the Semicentennial 
Celebration was first conceived, that the Society would have a com- 
pelling obligation as well as a welcome opportunity to voice its grati- 
tude to Columbia University as its patron for over half a century. 
From the beginning, Columbia University has been a most generous 
and courteous host. Of the 352 regular meetings held, 221 have been 
in its halls; and in many other ways Columbia has stood in a unique 
relationship to the Society. This obligation was acknowledged on be- 
half of the Society by Vice President Langer in a laudatory address, 
the text of which is reproduced in Appendix G. He then handed to 
Nicholas Murray Butler, President of Columbia University, a copy 
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of this address, beautifully printed on French handmade paper; and 
also, as a slight token of the appreciation of the Society, a copy of 
each of the two volumes of Semicentennial Publications, with beauti- 
ful special bindings and bearing suitable dedicatory inscriptions. 
President Butler responded with a noteworthy address, of which a 
summary appears in Appendix H. 


SCIENTIFIC ADDRESSES 


The main feature of the meeting was a series of ten invited hour- 
addresses given in McMillin Theater. The illustrated address of Pro- 
fessor Archibald was on the history of the Society, and that of Dean 
Birkhoff was a review of fifty years of American mathematics. The 
other eight reviewed various aspects of special fields and pointed out 
some of the important directions which future developments of re- 
search are likely to take. Lantern slides exclusively were used for 
formulas and this innovation proved successful. A list of these ad- 
dresses with the names of authors, presiding officers, and the times of 
delivery is given below. 


I. R. C. Archibald. History of the American Mathematical Society, 

1888-1938. 
T.S. Fiske presiding, Wednesday, 9:30 a.m. 

II. G. D. Birkhoff. Fifty years of American mathematics. 
Solomon Lefschetz presiding, Wednesday, 10:30 A.M. 

III. E. T. Bell. Fifty years of algebra in America, 1888-1938. 
H. S. White presiding, Wednesday, 2:00 p.m. 

IV. G. C. Evans. Dirichlet problems. 
G. D. Birkhoff presiding, Wednesday, 3:15 P.M. 

V. E. J. McShane. Recent developments in the calculus of variations. 
G. A. Bliss presiding, Thursday, 9:00 a.m. 

VI. J. F. Ritt. Algebraic aspects of the theory of differential equations. 
D. R. Curtiss presiding, Thursday, 10:00 a.m. 

VII. J. L. Synge. Hydrodynamical stability. 
L. P. Eisenhart presiding, Thursday, 11:00 a.m. 
VIII. T. Y. Thomas. Recent trends in geometry. 

(Read by J. F. Daly, of Princeton University.) 
Virgil Snyder presiding, Friday, 9:00 a.m. 

IX. Norbert Wiener. The historical background of harmonic analysis. 
E. R. Hedrick presiding, Friday, 10:15 a.m. 

X. R.L. Wilder. The sphere in topology. 
R. L. Moore presiding, Friday, 11:30 a.m. 
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PUBLICATIONS 


The Society was fortunate enough to be able to issue in time for 
distribution at the meeting two volumes under the general heading 
Semicentennial Publications. A history of the Society, written by Pro- 
fessor Archibald and containing in greatly amplified form the mate- 
rial covered by his lecture, with thirty illustrations, was published 
as Volume I. The other nine lectures were published as Volume II 
under the title Semicentennial Addresses. These publications were 
available for inspection in the registration room, and more than two 
hundred volumes were purchased by members during the meeting. 


EXHIBITS 


Through the kindness of Columbia University and members of the 
faculty, several exhibits of absorbing interest were prepared. 

The valuable collections of mathematical manuscripts, rare edi- 
tions, and instruments of David Eugene Smith, George Arthur 
Plimpton, and S. S. Dale, as housed permanently in Room 210 of 
Low Library, were open to members of the Society and their guests. 
These combined libraries, representing the history of mathematics 
from earliest times to the nineteenth century, contain more than 
25,000 items. During the period of the meeting a special exhibit was 
arranged, containing many of the rarest and most important vol- 
umes, and also many letters and photographs relating particularly 
to the history of the Society. The testimonial to Professor Fiske, Vice 
President Langer’s address, the volumes dedicated to Columbia 
University, and the plaque and portrait of Professor Fiske were also 
displayed in this library during the latter days of the Celebration. 

The Mathematics Department of Teachers College of Columbia 
University arranged an interesting and extensive exhibit of models, 
instruments, charts, books, posters, and other objects, relating to the 
teaching of mathematics and to its applications. This included a 
model mathematics classroom for secondary schools and a display 
of computing machines, tracing the development from the model first 
constructed in this country down to the latest commercial machines. 

Professor W. J. Eckert, of the Department of Astronomy, opened 
for inspection a remarkably complete set of modern computing ma- 
chines for performing astronomical calculations by the Hollerith 
punched-card method. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


The Association, so closely affiliated with the Society for the 
twenty-three years of its existence, was guest at this Birthday 
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Celebration and shared in the festivities. In order to give the right 
of way to the Society’s activities on this occasion, it paid the Society 
the compliment of omitting a meeting of its own. Members of the 
Association were accorded all the privileges available to members of 
the Society. 


GALA DINNER. RECOGNITION OF THE SERVICES OF THE FOUNDER 


It must be almost unique in the annals of scientific organizations 
for a society to be able to honor its founder at its semicentennial an- 
niversary. Professor Thomas Scott Fiske was rightly the center of 
attention at the gala dinner, and his place in the hearts of his col- 
leagues was attested in no uncertain manner when, upon his presenta- 
tion by the toastmaster, the entire group of 375 rose spontaneously 
to their feet in tribute to this splendid leader. 

The dinner was held in the beautiful banquet room of the Hotel 
Astor. Not only was there a charming background for the dinner, but 
all the arrangements were of exceptional quality. As fitted the anni- 
versary, the menu cover was in gold; it was decorated with a photo- 
graph of a bas-relief of Professor Fiske executed by the young 
sculptor, George John Sklaar. As an innovation for the dinner, all 
persons were assigned to tables of their own choosing, in groups of 
ten; and lists of names were printed to accompany the menu. 

The Society could not have chosen a more able and delightful toast- 
master than Dr. Warren Weaver, who in a most happy fashion com- 
bined wit and wisdom. On the one side of the toastmaster sat Thomas 
Scott Fiske and on the other side Edward Lincoln Stabler, the only 
survivors of the six charter members. Others seated at the dais table 
were Eric Temple Bell, George David Birkhoff, Garrett Birkhoff and 
Mrs. Birkhoff, Gilbert Ames Bliss and Mrs. Bliss, David Raymond 
Curtiss and Miss Alice Judson Curtiss, Luther Pfahler Eisenhart, 
Frederick Carlos Ferry, Miss Natalie Page Fiske, Earle Raymond 
Hedrick, Dunham Jackson, Solomon Lefschetz and Mrs. Lefschetz, 
Robert Lee Moore, Virgil Snyder and Mrs. Snyder, Mrs. Stabler, 
Mrs. Weaver, Henry Seely White and Mrs. Robert Fridenberg Perez. 

The first feature of the evening was a letter from the London Math- 
ematical Society which may in some respects be considered to be the 
parent organization and which is certainly the model after which the 
Society was patterned (Appendix F). 

Next, the toastmaster presented to Professor Fiske a beautifully 
illuminated testimonial, containing a greeting of appreciation and af- 
fection, prepared by order of the Council and signed by the President 
and the Secretary. The text appears in Appendix C. 


8 AMERICAN MATHEMATICAL SOCIETY [January 


The main speaker was Professor Fiske, who gave some delightful 
reminiscences of the early days of the Society (Appendix B). The 
other after-dinner speakers, so chosen as to represent at the same 
time various geographical regions and various age groups, were Pro- 
fessors Bell, Jackson, and Garrett Birkhoff. 

Mathematicians who have been readers and examiners of the Col- 
lege Entrance Examination Board, which Professor Fiske served so 
long and well, presented to the Society his portrait painted by Mrs. 
H. E. Ogden Campbell (Appendix D). Dr. Ferry, ex-president of 
Hamilton College, made the presentation speech (Appendix E), and 
President Moore accepted the portrait on behalf of the Society. 

Bronze replicas of the sculptured bas-relief of Professor Fiske were 
presented to the daughter of Professor Fiske and to the Society. 
A photograph is given in Appendix D. 

As a fitting climax to the dinner, letters of felicitation and good 
wishes for the future of the Society were presented from President 
Franklin D. Roosevelt and Premier Mackenzie King. The texts are 
given in Appendix A. 


EXCURSION TO WEST POINT 


The steamer Alexander Hamilton was chartered for a trip to West 
Point and sailed from the Hudson River Day Line Pier at 125th 
Street on Thursday at 1:30 P.M., returning at 10:00 p.m. At West 
Point provision was afforded to see the grounds and buildings of the 
United States Military Academy as well as to observe the regimental 
parade given in honor of the Society’s visit. About sixteen hundred 
cadets took part in this impressive drill, which was the spectacular 
feature of the visit. The officers were most cordial to the visitors, act- 
ing as guides and giving information regarding the work of the Acad- 
emy. 

The Hudson was seen at its best; the weather was ideal. On the re- 
turn trip, under the light of the full moon, the steamer sailed down 
the river to the Battery, affording a superb view of the New York 
skyline at night. A small orchestra provided music for dancing 
throughout the trip. This excursion will long be remembered as one 
of the most delightful features of the meeting, affording, as it did, 
the 275 people who took part an especially favorable opportunity to 
become better acquainted. 


ENTERTAINMENT AND OTHER EXCURSIONS 


On Monday afternoon at 4:00 p.M., preceding the opening of the 
meeting, a tea was tendered in Johnson Hall to the mathematicians 
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and their friends by the Departments of Mathematics of Columbia 
University, New York University, Brooklyn College, College of the 
City of New York, and Queens College. More than two hundred 
availed themselves of the opportunity to meet the hosts and hostesses 
and to renew acquaintance with friends. 

As one record of the meeting, a panoramic group picture was taken 
on the steps of Low Library; this is reproduced in this issue. 

Many members were able to inspect the capacious offices and the 
library of the Society so spaciously housed by Columbia University. 

Late Wednesday afternoon, the Hayden Planetarium, adjoining 
the Museum of Natural History, put on a special program for the 
mathematicians. 

On Friday afternoon there were two excursions to places on Long 
Island. The first was to Jones Beach, the famous state-operated park 
on the south shore, which has remarkable facilities for swimming and 
other sports. The second was a trip to the grounds of the New York 
World’s Fair. Although this will not officially open until 1939, many 
of the buildings, which will represent nearly every country, are al- 
ready erected and are built around the common theme, The World 
of Tomorrow. 

There were other guided tours to the Metropolitan Museum of 
Art, the Long Distance Telephone Building, the Museum of Modern 
Art, the Bronx Zoological Gardens, the Hispanic Museum, the Clois- 
ters, the Museum of Natural History, and the Frick Collection. For 
each tour there was a leader chosen under the direction of Professor 
P. A. Smith; the competence and courtesy of these leaders were thor- 
oughly appreciated by those who participated. 


W. L. AYRES 

T. R. HOLLCROFT 

M. H. INGRAHAM 

T. M. PuTNAM 

R. G. D. RICHARDSON 
Secretaries 
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APPENDIX A 


LETTERS OF CONGRATULATION FROM PRESIDENT 
ROOSEVELT AND PREMIER MACKENZIE KING 


THE WHITE HOUSE 
WASHINGTON 
August 17, 1938 
My dear Mr. Richardson: 

Please extend my greetings to the American Mathematical Society 
on the occasion of the celebration of its fiftieth anniversary. I trust 
that genuine satisfaction will come to its members as they contem- 
plate the contribution which the Society has made during the half 
century of its existence. 

It is sometimes difficult to comprehend the values accruing to so- 
ciety from mathematics. It is deeply rooted in social progress as a 
large part of the technological advance made in recent centuries 
would have been impossible had it not been for the constant refine- 
ment of the essential tool of technology—mathematics. Social sciences 
also owe a large debt to mathematics. Future advances in the social 
sciences will be largely dependent upon mathematical treatment of 
their data. 

I congratulate the members of the American Mathematical Society 
on the important contributions which mathematics has already made. 
I trust that the years ahead will find mathematicians making signifi- 
cant contributions, as in the past. 

Very sincerely yours, 
(signed) FRANKLIN D. ROOSEVELT 
Mr. R. G. D. Richardson, 
Secretary, 
American Mathematical Society, 
501 West 116th Street, 
New York, N. Y. 
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OFFICE OF THE PRIME MINISTER 
CANADA 


Ottawa, August 30, 1938. 


R. G. D. Richardson, Esq., M. A., Ph.D., D.C.L., 
Secretary, 

American Mathematical Society, 

501 West 116th Street, 

New York, N. Y. 

Dear Professor Richardson: 

I shall be pleased if you will extend to the American Mathematical 
Society, on the celebration of the fiftieth anniversary of its inception, 
my greetings and warm congratulations upon attaining this signifi- 
cant anniversary. 

It is well that we should reflect, on occasions such as this, on the 
extent to which the learned societies of this continent have contribut- 
ed to the strength and substance of our national and international 
life. The work of the American Mathematical Society fills a distin- 
guished place among those academic fellowships which have done 
so much to keep alive, in our institutions of learning, that integrity of 
thought which is one of the proudest of our common traditions. 

It is my hope that the deliberations of the Society’s Jubilee Meet- 
ing will be attended by much good fellowship and a lively apprecia- 
tion of the binding character of the academic fraternity which has so 
long and so happily prevailed between our two countries. 

Yours very sincerely, 
(signed) W. L. MACKENZIE KING 
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APPENDIX B 


THE BEGINNINGS OF THE AMERICAN MATHEMATICAL SOCIETY. 
REMINISCENCES OF THOMAS SCOTT FISKE 


In the spring of 1887, when I was a graduate student in the Department of Mathe- 
matics of Columbia University, my teacher and friend, Professor J. H. Van Amringe, 
suggested that I visit Cambridge University, England. 

One of the Columbia trustees, George L. Rives, afterwards Assistant Secretary of 
State under President Cleveland, had been fifth wrangler at the mathematical tripos 
in 1872 and had declined the offer of a fellowship at Trinity College. Rives gave me 
letters to Cayley, Glaisher, Forsyth, and Sir George Darwin; and on my arrival at 
Cambridge I was treated as a guest and was invited to attend any mathematical lec- 
tures whatsoever in which I might be interested. 

Scientifically I benefitted most from my contacts with Forsyth and from my read- 
ing with Dr. H. W. Richmond, who consented to give me private lessons. However, 
from Dr. J. W. L. Glaisher, who made of me an intimate friend, who spent many an 
evening with me in heart to heart talks, who took me with him to meetings of the 
London Mathematical Society and the Royal Astronomical Society, and enter- 
tained me with gossip about scores of contemporary and earlier mathematicians, I 
gained more in a general way than from anyone else. As for Cayley, I had attended 
only a few of his lectures on the “Calculus of Extraordinaries” when one day he 
slipped on the icy pavement and suffered a fracture of the leg which brought the lec- 
tures to an end. Before the end of my stay, however, I had the pleasure of dining 
with Mr. and Mrs. Cayley in their home. 

On my return to New York I was filled with the thought that there should be a 
stronger feeling of comradeship among Americans who were interested in mathe- 
matics, and I proposed to two fellow students, Jacoby and Stabler, that we should 
try to organize a local mathematical society. 

On November 24, 1888, we three, together with Professors Van Amringe and Rees 
and a graduate student, Maclay, met for the purpose of organizing a New York 
Mathematical Society. We agreed upon the desirability of joining to our group all 
mathematicians resident in New York and the neighborhood. However, at the end of 
the first year our society had only eleven members. In December, 1889, five new 
members were admitted including McClintock and Pupin. Five members were ad- 
mitted during 1890; one in January, 1891; and one in February, 1891. 

The member elected in January, 1891, was Charles P. Steinmetz. Born in Breslau, 
April 9, 1865, of Protestant parents, a hunchback with a squeaky voice, as a student 
at the University of Breslau he had been the ablest pupil of Professor Heinrich 
Schroeter. In the spring of 1888 he was about to receive the degree of Ph.D., but in 
order to escape arrest as a socialist he was compelled to flee to Switzerland. Thence 
he made his way to America, arriving in New York June 1, 1889. About a year later 
my attention was attracted to an article of sixty pages or more in the “Zeitschrift 
fiir Mathematik und Physik” on involutory correspondences defined by a three- 
dimensional linear system of surfaces of the nth order by Charles Steinmetz of New 
York. This was his doctor’s dissertation. I soon learned that Steinmetz was an em- 
ployee of the Eickemeyer Dynamo Machine Company of Yonkers, N. Y.,and I invited 
him to come to see me at Columbia University. I told him that his future articles 
ought to be written in English and published in the United States. I offered to help 
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him if he should desire my assistance in connection with the English of his papers. 
At the same time I invited him to become a member of the New York Mathematical 
Society. His membership in the Society continued until his death, October 26, 1923. 
He presented a number of papers to the Society, two of which were published in the 
American Journal of Mathematics. 

Steinmetz told me that it had always been his wish to devote his life to mathe- 
matics but that the necessity of earning a living had forced him to become an electri- 
cal engineer. After the organization of the General Electric Company in 1892 he was 
compelled to give practically all of his time to electrical engineering. Eventually he 
became chief consulting engineer of the Company and was authorized to draw a 
salary far higher than that paid to any professor of mathematics in the world. 

I had many long conversations with Steinmetz. I remember one in which he in- 
sisted that science had flourished in Germany not because of, but in spite of the in- 
fluence of the government. Somehow I joined this to the thought that Steinmetz, not 
because of, but in spite of his natural inclinations, had become the most distinguished 
and most highly paid electrical engineer in the world. 

At the beginning of 1891, in preparation for the publication of the Bulletin we ob- 
tained from several publishing houses, notably the Macmillan Company and Ginn 
and Company, lists of college teachers and others interested in mathematical publica- 
tions. The names and addresses of suitable persons were culled from these lists, and 
to them were mailed prospectuses of the Bulletin and invitations to join the Society. 
Those who joined were requested to suggest other suitable persons for membership. 

Professor William Woolsey Johnson, of the United States Naval Academy, was 
an intimate friend of Dr. Glaisher. They spent many of their vacations together and 
were in constant correspondence. Glaisher had spoken of me in his letters to Johnson 
and, as a result, Johnson and I met at his publishers, John Wiley and Sons, in New 
York. Johnson became greatly interested in the proposal to enlarge the New York 
Mathematical Society and to publish a historical and critical review of mathematical 
science. At that moment the total membership of the Society was only twenty-three. 
Johnson became the twenty-fourth member. He was the first person from outside the 
New York circle to join the Society. He contributed the leading article to the first 
number of the Bulletin. 

The external appearance of the Bulletin, the size of its page, and the color of 
its cover were copied from Glaisher’s journal, “The Messenger of Mathematics,” in 
which parts of my dissertation for the doctorate had been published. The Bulletin’s 
character, however, was influenced chiefly by Darboux’s “Bulletin des Sciences 
Mathématiques” and the “Zeitschrift fiir Mathematik und Physik.” 

When only two or three numbers of the Bulletin had appeared I began to receive 
from Professor Alexander Ziwet, of the University of Michigan, a series of friendly 
letters containing many helpful and constructive suggestions. I invited his editorial 
cooperation without delay, and he proved a most valuable editorial associate, serving 
continuously from 1892 until 1920. 

When through the generosity of President Seth Low, of Columbia University, a 
new professorship of mathematics was created at Barnard College, it was Professor 
Ziwet who suggested the appointment of Frank Nelson Cole. To Professor Ziwet’s 
inspiration, therefore, may be traced the good fortune of both Columbia University 
and the American Mathematical Society in securing the never to be forgotten services 
of the late Professor Cole. 

It should be mentioned also that it was through the influence of Professor Ziwet 
that our distinguished fellow member Earle Raymond Hedrick established his first 
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contact with the Bulletin. While a student at the University of Michigan, Hedrick at 
the request of Ziwet prepared several Lists of New Publications for the Bulletin. 

Conspicuous among those who in the early nineties attended the monthly meetings 
in Professor Van Amringe’s lecture room was the famous logician, Charles S. Peirce. 
His dramatic manner, his reckless disregard of accuracy in what he termed “unim- 
portant details,” his clever newspaper articles describing the meetings of our young 
Society interested and amused us all. He was advisor of the New York Public Library 
for the purchase of scientific books and writer of the mathematical definitions in the 
Century Dictionary. He was always hard up, living partly on what he could borrow 
from friends, and partly on what he got from odd jobs such as writing book reviews 
for the Nation and the Evening Post, He was equally brilliant, whether under the 
influence of liquor or otherwise, and his company was prized by the various organiza- 
tions to which he belonged; and so he was never dropped from any of them even 
though he was unable to pay his dues. He infuriated Charlotte Angas Scott by con- 
tributing to the New York Evening Post an unsigned obituary of Arthur Cayley in 
which he stated upon no grounds, except that Cayley’s father had for a time resided 
in Russia, that Cayley had inherited his genius from a Russian whom his father had 
married in St. Petersburg. Shortly afterwards Miss Scott contributed to the Bulletin 
a more factual, sober article upon Cayley’s life and work, in which she remarked 
that the last of Cayley’s more than nine hundred scientific papers had been published 
in the Bulletin of our Mathematical Society. 

At one meeting of the Society, in an eloquent outburst on the nature of mathe- 
matics C. S. Peirce proclaimed that the intellectual powers essential to the mathe- 
matician were “concentration, imagination, and generalization.” Then, after a dra- 
matic pause, he cried: “Did I hear some one say demonstration? Why, my friends,” 
he continued, “demonstration is merely the pavement upon which the chariot of the 
mathematician rolls.” 

The year 1894 was the culminating year in the history of the New York Mathe- 
matical Society. A number of circumstances combined to awaken the Society to a 
full consciousness of the fact that it had become national both in character and in 
influence. 

The local committee in charge of the International Congress of Mathematicians 
in Chicago in 1893 applied to the New York Mathematical Society for financial as- 
sistance in the publication of the Congress papers; and the Council of the Society 
voted to undertake their publication and also to solicit personal contributions in sup- 
port of the undertaking from those members of the Society who were willing and 
able to furnish such assistance. This enterprise, transcending considerations and senti- 
ments of a purely local character, seemed to justify the Society in its desire for a name 
indicating that its character was national, or rather continental. 

And at the same time, the meeting of the American Association for the Advance- 
ment of Science in Brooklyn in 1894 seemed to present to the Society a most favor- 
able occasion for its debut as a national organization. It appeared likely that the 
influence of the American Association would bring to New York from remote parts 
of the country many members of the Society who would welcome the opportunity of 
attending one of its meetings. Accordingly, plans were made for a meeting to be held 
in Brooklyn in affiliation with the American Association. This was the first summer 
meeting and at the same time the first meeting of the Society under its new name, 
“The American Mathematical Society.” ‘ 

At the first annual meeting after the change in the name, Dr. George William Hill 
was elected president. During his presidency two summer meetings were held in 
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affiliation with the American Association for the Advancement of Science, in 1895 at 
Springfield, Mass., and in 1896 at Buffalo, N. Y. 

At the annual meeting in December, 1895, Professor Cole was elected secretary 
of the Society, in which capacity he was to serve for twenty-five years. 

The summer meeting at Buffalo in 1896 is memorable for the first colloquium of 
the Society. The colloquium was the idea of Professor H. S. White, then at North- 
western University, who had been one of the leading spirits in the organization of the 
colloquium held at Evanston in connection with the World’s Fair at Chicago. 

Dr. G. W. Hill was succeeded in the presidency by Professor Simon Newcomb, 
under whom in the summer of 1897 the Society met at Toronto in affiliation with the 
British Association for the Advancement of Science. 

During the presidency of Professor Newcomb the Society felt acutely the need of 
better facilities for the publication of original papers, and at the meeting in Cam- 
bridge in the summer of 1898 a committee was appointed to consider the possibility 
of improving such facilities through an arrangement with the American Journal of 
Mathematics or otherwise. 

As representatives of this committee, Professor Pierpont and I went to Baltimore 
for a conference with President Gilman and Professor Newcomb, but we found them 
unwilling to give the Mathematical Society a share in the editorial control of the 
American Journal. 

Finally, in the spring of 1899 a meeting was held at the home of Dr. McClintock 
in New York. Besides Dr. McClintock those present were Bécher, Moore, Osgood, 
Pierpont, and I. We agreed to recommend that the Society undertake the publication 
of a journal of research to be known as the Transactions of the American Mathemati- 
cal Society, a name suggested by Bécher. 

The recommendation was adopted; Moore, Brown, and I were appointed editors 
of the new journal; and the first number made its appearance in January, 1900, with 
Professor Moore acting as editor-in-chief, Professor Brown as editor for applied mathe- 
matics, and myself as editor in charge of the arrangements with the printer. 

For a number of years Moore, Brown, and I met three or four times a year at the 
Murray Hill Hotel in New York and discussed various problems connected with the 
Transactions. Never have I been associated with men more unselfish, more consider- 
ate, or more devoted to high ideals than Moore and Brown. 


APPENDIX E 


REMARKS OF PRESIDENT EMERITUS FREDERICK C. FERRY ON THE 
PRESENTATION OF A PORTRAIT OF PROFESSOR THOMAS 
SCOTT FISKE TO THE AMERICAN MATHEMATICAL 
SOCIETY, SEPTEMBER 7, 1938 


Mr. Toastmaster, Ladies, and Gentlemen: 

The task which the committee has assigned to me for this occasion is both brief 
and happy. It has to do with the bestowal of honor on a most worthy individual and 
with the donation to the Society of a gift that is bound to be treasured through the 
long future. 

In an informal address of a recent year, the speaker of that occasion talked of the 
“great satisfactions” of life. “They are not to be found,” he said, “in wealth. No defi- 
nite relation whatever exists between money and happiness. Of this fact most people 
become aware before they have lived very long. Many people believe throughout their 
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lives,” he continued, “that it is fame that brings the great satisfactions. But they too 
are in error. For what does it matter whether our names are spoken for a month or a 
year or even for a score of years when we are dead and gone? We are bound in any 
case to be soon forgotten. But the great satisfactions of life,” he concluded, “are 
gained by so contributing of one’s energy and activity to the welfare of some perma- 
nent and beneficent institution that it, going on forever, shall forever be the better 
by reason of what one has done.” 

The man who is honored in the gift about to be made needs not our tribute, for 
he has abundantly earned life’s great satisfactions. He, as we all know, was the mov- 
ing spirit in the founding of this Society, and has been an important factor in main- 
taining it through all the half century of its life. He has been its president and for 
many years the editor-in-chief of its Bulletin. Most appropriately he was made the 
chairman of its Committee on the Semicentennial. This Society is conspicuously a 
permanent and beneficent institution. 

Again, he earned title to the great satisfactions of life by his long term as Professor 
of Mathematics in Columbia University, that permanent and most beneficent in- 
stitution. 

But this is not nearly all of his high achievement. For he followed President Butler 
in the secretaryship of the College Entrance Examination Board. In this office he 
continued for nearly two scores of years, performing a service of value past all reckon- 
ing to colleges and universities everywhere. Here, too, it is a permanent and benefi- 
cent institution to which his rare administrative ability has been applied with great 
effectiveness. 

It was said of a certain prime minister of England that he cherished two ambitions: 
the first was that England might prosper under his administration; the second was 
that England might prosper. Only of the second sort have been the ambitions of the 
man of whom I am speaking. All his work has been done modestly, quietly, and effi- 
ciently, with the welfare of the institution his sole concern. 

Those of us who have been closely associated with him through the years would 
say much concerning the warmth of his heart as well as the strength of his mind. We 
would make known our deep affection for him if we could. But that we Anglo-Saxons 
know not how to do. We live in a somewhat awkward state of self-consciousness which 
permits no full expression of our more intimate feelings for anyone. 

We must be content to say that the purchase of this portrait, the work of Mrs. 
Ogden Campbell, by a group of his friends and the presentation of it on this occasion 
to the American Mathematical Society only suggest in slight measure the regard in 
which we hold him. 

May this painting renew his memory among the members of this Society through 
countless generations! And may you, Professor Fiske, through many happy years per- 
mit us to continue our association with you! Vivas, floreas annos multos! 

President Moore, on behalf of the donors, I present to the American Mathematical 
Society this portrait of Professor Thomas Scott Fiske. 
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APPENDIX F 


LETTER OF CONGRATULATION FROM THE LONDON 
MATHEMATICAL SOCIETY 


THE LONDON MATHEMATICAL SOCIETY 


BurRLINGTON House, Lonpon, W. 
August 13th, 1938. 
Dr. Thornton C. Fry, 
Executive Secretary, Committee on the Semicentennial, 
American Mathematical Society. 
Dear Dr. Fry, 

The Officers of the London Mathematical Society have great pleasure in respond- 
ing to your friendly invitation to send a message to the American Mathematical So- 
ciety on the occasion of the Jubilee of its inauguration as the New York Mathematical 
Society. 

The London Mathematical Society warmly congratulates the American Mathe- 
matical Society on the completion of 50 years’ prosperous activity. The London 
Mathematical Society has no claim to be in any sense a parent of your society, or 
even a godparent. Yet it recalls that bv the accident of its earlier foundation it indi- 
cated the possibility of the existence of a society devoted to the advancement of 
mathematics, and the example of the London Mathematical Society was apparently 
in the minds of your founders. Thus in his presidential address of Dec. 28th, 1894, 
Dr. E. McClintock, your then President, drew attention to the fact that the American 
and London Mathematical Societies resembled one another in being each connected 
with the largest city in their respective countries, and in being formally unconnected 
with any “institution of learning.” He then paid the London Mathematical Society 
the compliment of saying that he concluded, from the history of the London Mathe- 
matical Society, that “proficiency in the science of mathematics is distinct evidence 
of a well-balanced mind.” Whether the world at large holds the same view is perhaps 
open to doubt; but the London Society trusts that it has not yet forfeited the good 
opinion which your Society at least at one time held of it. 

Your Society came into existence through a circular signed by three young men. 
Its first meeting, as the New York Mathematical Society, was attended by six mem- 
bers. Your membership is now reckoned in many hundreds. Like our society, you 
publish two journals, one devoted to severer memoirs, the other to lighter topics. 
Our two societies have arrangements for the joint affiliation of such members as de- 
sire it. We are proud to be represented at your celebrations by our member Professor 
J. L. Synge, of Dublin and Toronto, and through him we send you all good wishes on 
this occasion. 

F. Puryer W ton, 
(signed) P. HALL. 
E. A. MILNE President 
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APPENDIX G 
LAUDATORY ADDRESS OF VICE PRESIDENT LANGER 


Mr. President; distinguished guests; members of the 
American Mathematical Society; guests: 


It is a universal and an altogether human conceit which makes us crave settings 
of an appropriate stateliness for events which appear to us significant. We prize in 
thought and elevate in fact the beauty of the sites of our proud achievements, and, 
though they be incidental, we glory in the natural appeals and cultivated adornments 
of the spots where history has been made. The event without a background worthy 
of it seems to us much like a jewel unset, or like a hymn unhallowed by a fitting mood 
of veneration. 

We are here today to celebrate an event, the founding of our Society, and our 
imaginations are stirred and gratified that we may do so in an environment so ap- 
propriate, that we may do so within the precincts of a preeminently great seat of 
learning—in short, within the halls and upon the terraces of Columbia University, 
situated delightfully and with its own peculiar charm of aspect, and surrounded by a 
great and magnificent city. 

The American Mathematical Society was founded as the New York Mathematical 
Society fifty years ago. It is not for me to review here the course it has taken, the ob- 
jectives it has set itself, or the vantage grounds it has surmounted in the half century 
of its existence, nor yet am I to contemplate the unbounded and shining prospect 
which in the future lies before it. My task is a more special one. It is a pleasant and 
grateful task withal, for it falls to me to speak our collective acknowledgment for 
inspirations and favors received, our thanks for help and support without which the 
light of some of our cherished achievements might well have failed to shine, and some 
would surely have been of an inferior lustre. 

Our Society was founded by men of Columbia University. Farsighted and en- 
thusiastic, they were men who carried to this country the inspiration they had found 
at the great universities of Europe. They had entered into the realm of mathematical 
learning and research, and having done so they had recognized in mathematical truth 
a sacred flame endowed with unique and peculiar potencies for the broadest of services 
in the general interests of human thought and progress. This flame they had not only 
wished to shield from extinction, but had thought to nourish and to fan it toward an 
ever steady and increasing brightness. This was the vision in which they brought 
forth and nurtured the organization to which we now proudly belong. To Professor 
Thomas Scott Fiske, whom we especially honor in this connection, and to his col- 
leagues, we owe the founding of our Society. To Professor Frank Nelson Cole, who 
nurtured it, we owe for unselfish service given over a quarter of a century. To Pro- 
fessor David Eugene Smith we owe for the genius of a long and devoted custodianship 
under which an initial handful of volumes was metamorphosed into the Society’s 
Library, and to other Columbia men, in numbers far too many for me to detail here, 
we stand in debt. Their names adorn our rosters of the past, or they themselves are a 
living force among us. There is no office and no useful capacity in which men of this 
University past and present have not served, and that with a generosity dispropor- 
tionately large relative to their numbers. Their counsels have been wise and their 
work has abundantly borne fruit. 

While we owe these many contributions to respective individuals, we neverthe- 
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less, and in a very true sense, owe them collectively to Columbia University herself. 
For her men are and have been rightly hers, their strength and their time and their 
genius are and have been hers, and only by her sanction have they given to us and 
we received from them. If, as an organization, we are worthy to stand among the 
great learned societies of the nation and of the world, that must in no small measure 
be ascribed to the intellectual and inspirational contributions of Columbia. We have 
received from Columbia the worthiest and sublimest of gifts, we have received from 
her a portion of herself. 

Our Society has completed a half century of existence. It has been a half century 
of growth in numbers and in emprise, in which the initial membership of six has been 
swelled to one of two thousand, while even figures such as these do not properly 
measure the expansion of our activities. In the presence of a truly phenomenal de- 
velopment of activity and interest in mathematical research throughout the country, 
there has been an almost continual urge upon the Society to extend the field of its 
services by entering upon new ventures and by extending others already in hand. We 
take pride in the extent and measure to which our organization has proved itself equal 
to its opportunities, but we must acknowledge that to the mastery of the difficulties 
which have had to be faced we have not always been sufficient unto ourselves. We 
have had to sue for help and support. There are many friends who have responded to 
us generously, and among these is Columbia University. Together with others she 
has subsidized our publications, and has assisted us through such media as the sus- 
taining and institutional memberships. More than any other she has hospitably ex- 
tended to us the freedom of her house, the use of her academic halls and facilities, 
to the extent that half the meetings of our Society have been held upon her domain. 

It is not my intention, and it would be an unworthy effort for me, to attempt here 
any catalogue of the beneficences at the hands of Columbia for which we are indebted. 
Yet these words of appreciation would be altogether inadequate and fragmentary 
were I to say nothing of those particular benefactions which have in every sense made 
Columbia University the outstanding patron of our Society. I have reference here to 
two items, namely, to the donation over a period of many decades of the shelving and 
the care and the administration of our library, and to the continued donation during 
the lifetime of our organization of the premises for the housing of its activities. It 
would be difficult for anyone to overrate the importance of these gifts. They have 
been of the most vital moment in fact, for they have relieved our Society of what 
would have been heavy and hampering burdens, and so have freed it to devote its 
resources immediately and almost exclusively to the scholarly and scientific purposes 
for which it exists. 

These many things for which we are indebted to Columbia we may fittingly own 
on this anniversary occasion. They have been bestowed upon us freely, and ever in a 
spirit which we could meet with dignity and gratification. The deeds call for our 
thanks, and the motives deserve our homage. Can we doubt that Columbia shares 
with us an appreciation of the aims and purposes to which we as an organization are 
dedicated? Can we doubt that the well spring of her generosity to us is to be found in 
that exalted idealism—if I may use another’s words—in which she has dedicated 
herself, to be no mere student of the past, no mere observer of the present, no mere 
critic at a safe distance from the struggles of the working world, but rather an active 
participant in the fundamental progressive work of modern society, promoting its 
forward movement and helping at all times to open its onward way? President Butler, 
in her dealings with us Columbia has proclaimed herself, as you have once pro- 
claimed her, “devoted to the loftiest of human ideals, to wit, the service of mankind 
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through the pursuit of truth, and the holding on high of the flaming torch of intellec- 
tual endeavor and accomplishment.” 

President Butler, I have here a copy of the words I have just spoken, and I have 
also a history of our Society, and a volume of the scientific addresses which are to be 
delivered upon this anniversary occasion. I have been instructed to present these 
volumes to you, and to beg you to accept them as tokens of the gratitude which the 
American Mathematical Society acknowledges to Columbia University for favors of 
which it is deeply conscious, but which it can in no way ever repay. 


APPENDIX H 
AN ABSTRACT OF THE ADDRESS OF PRESIDENT BUTLER 


President Butler expressed the University’s most grateful appreciation of the 
very kind and generous words which had been spoken, and assured the members of 
the American Mathematical Society that the relationship which had now existed for 
a half-century between that Society and the University was a matter of constant 
pride and satisfaction. 

President Butler pointed out that in the history of the faculty of old Columbia 
College it so happened that the professors of mathematics during the first century of 
the history of the college were outstanding scholars and teachers, probably taking 
precedence as a group over any other faculty group of that period. He referred to the 
personality, teaching skill, and publications of the five professors who in succession 
filled the chair of mathematics for the first one hundred years. They were Robert 
Harpur, John Kemp, Robert Adrain, Henry James Anderson, and Charles W. 
Hackley. Following these five scholars and teachers there came two unusually skilful 
textbook writers, Charles Davies and William Guy Peck. Professor Davies gained 
nationwide recognition through the publication of Davies’ Legendre, the most impor- 
tant and the most widely used textbook of geometry three-quarters of a century ago. 
Professor Peck also gained fame as a textbook maker and his Algebra was well known 
in secondary schools and colleges of the period from about 1865 to about 1890. Then 
came John Howard Van Amringe, whose personality gave him a reputation and an 
influence which few academic teachers of his day and generation ever attained. After 
Van Amringe the growth of the College and the organization of the University 
brought about an entirely new situation. It was then that Professor Fiske and the 
splendid group of younger scholars who were his contemporaries and successors be- 
came the Department of Mathematics both in Columbia College and in Columbia 
University. 

President Butler emphasized the fact that much remained to be done in the pres- 
entation of mathematics to secondary school and college students if that funda- 
mental intellectual interest was to be given the importance and the influence which it 
should have. He emphasized the necessity of teaching the history, the origin, the 
development, and the general cultural and practical relations of mathematics to the 
progress of civilization. Who are the great names associated with its origin and early 
development, such as Euclid, Archimedes, Hipparchus, Ptolemy, and Boethius? 
What did each of these men do in the development of mathematics? What was his 
contribution—its character and its importance? Where did the names, arithmetic, 
algebra, geometry, trigonometry, and calculus come from? And who were those responsi- 
ble for the first formulation of these divisions of mathematical knowledge? Who, in 
the Middle Ages and in modern times, have been the outstanding mathematicians? 
What were their personalities, their contacts, and their specific contributions to 
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knowledge? He would have the secondary school and college room in which mathe- 
matics is taught have upon its walls photographs or engravings of these great founders 
of mathematical knowledge, so that the 20th century student might get some fuller 
appreciation of their appearance, their personality, and their influence. He said that 
it was quite as important for the student to know about mathematics as it was to 
know something of mathematics itself. 

President Butler called attention to some books written in recent years which he 
felt should be read by intelligent and ambitious students of mathematics, no matter 
how much they might know in detail of arithmetic, algebra, geometry, trigonometry, 
calculus, or any phase of the higher mathematics. He mentioned in particular Ball’s 
History of Mathematics, published fifty years ago, and Whitehead’s Introduction to 
Mathematics, published more than a quarter-century since. He called attention to the 
importance of Sir James Jeans’ New Background of Science, which might well be read 
by the liberal arts student who did not expect to be a professional mathematician, in 
order to get some insight into what the mathematician, the physicist, and the chemist 
were thinking of, as well as of the terms in which they were expressing their thought. 
President Butler quoted Whitehead’s statement that “It is an error to confine atten- 
tion to technical processes excluding consideration of general ideas. Here lies the road 
to pedantry.” 

President Butler pointed out that from the time of the Middle Ages mathematics 
had been included among the liberal arts, and that the Quadrivium, which was the 
more advanced course then offered, included arithmetic, music, geometry, and 
astronomy. The Trivium, which preceded it, included grammar, logic, and rhetoric. 
It was plain, he said, therefore, that the position of mathematics in the field of liberal 
education had been well established for more than a thousand years, and Columbia 
University would be proud in the future, as it had been in the past, to contribute to 
the teaching of this subject as one of the liberal arts, as well as to promote scholarship 
and research in every part of its field by every means in its power. 
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APPENDIX J 
LIST OF DELEGATES 


SOCIETY DELEGATE 
Actuarial Society of America Robert Henderson 
{ H. B. Phillips 


American Academy of Arts and Sciences Philip Franklin 


American Astronomical Society E. W. Brownt 
American Institute of Actuaries James S. Elston 
American Institute of Electrical Engineers Vladimir Karapetoff* 
American Philosophical Society L. P. Eisenhart 
American Physical Society G. B. Pegram 
American Society of Civil Engineers Leon S. Moisseiff 
American Society of Mechanical Engineers IR. 
Amsterdam Mathematical Society D. J. Struik* 
Association for Symbolic Logic Edmund C. Berkeley 
Deutsche Mathematiker Vereinigung G. D. Birkhoff 
Econometric Society G. C. Evans 
Edinburgh Mathematical Society John V illiamson* 
Institute of Mathematical Statistics H. L. Rietz 
John Simon Guggenheim Memorial Foundation Norbert Wiener 
London Mathematical Society J. L. Synge 
Mathematical Association of America D. R. Curtiss 
National Academy of Sciences Oswald Veblen* 
National Council of Teachers of Mathematics W. D. Reeve 
National Research Council L. P. Eisenhart 
National Research Council (Canada) J. L. Synge 
Polskie Towarzystwo Matematyczne R. C. Archibald 
Société Mathématique de France G. D. Birkhoff 


Société Mathématique de Gréce as D. Michal 


Marston Morse 
Society for the Promotion of Engineering Education a. Co fry 


Russian Society of Philosophy of Science in Paris D. Riabouchinsky 

Schweizerische Mathematische Gesellschaft Arnold Emch* 

Unione Matematica Italiana E. Smith® 
Virgil Snyder* 


* Unable to appear. 
{t Deceased on July 22, 1938. 
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APPENDIX K 
MESSAGES OF CONGRATULATION 


The President and Fellows of the 
AMERICAN ACADEMY OF ARTS AND SCIENCES, 


by their delegates, Henry Bayard Phillips and 
Philip Franklin, send to the 


AMERICAN MATHEMATICAL SOCIETY 


their most cordial greetings on the occasion of the Semicentennial Celebration of the 
founding of the Society. They express confidence that the distinguished record of the 
American mathematicians during the past fifty years will become a tradition jealously 
guarded by your Society in the centuries of the future. 
Dugald C. Jackson 
President 
Hudson Hoagland 
Recording Secretary 
Leigh Hoadley 
Corresponding Secretary 


THE AMERICAN PHILOSOPHICAL SOCIETY 
HELD AT PHILADELPHIA FOR 
PROMOTING USEFUL KNOWLEDGE 


sends cordial greetings and congratulations 
to the President and Officers of 


THE AMERICAN MATHEMATICAL SOCIETY 


on the occasion of the Semicentennial Celebration 
of the Founding of the Society 
on September sixth, seventh, eighth and ninth 
One thousand nine hundred and thirty-eight. 
The Officers and Council of 
The American Philosophical Society 
have appointed 


LUTHER PFAHLER EISENHART, A.B., PH.D., SC.D., LL.D. 


Professor of Mathematics, Dean Graduate School 
Princeton University 
and an honored member of this Society 
to represent them on this occasion 
and to convey to you their cordial greetings and best 
wishes on this auspicious occasion. 
Edwin G. Conklin 
Executive Officer 
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My dear Dean Richardson: 

The AMERICAN PHYSICAL SOCIETY extends its congratulations to the American 
Mathematical Society on the occasion of its Semicentennial Celebration of the found- 
ing of the Society to be held at Columbia University. I have requested Dean G. B. 
Pegram to represent the American Physical Society on this occasion. 

Sincerely yours, 
Lyman J. Briggs, President 


THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS 


extends 
cordial greetings and good wishes 
to 


THE AMERICAN MATHEMATICAL SOCIETY 
on the occasion of its 
SEMICENTENNIAL CELEBRATION 


to be held at 
Columbia University 
September Sixth to Ninth 
Nineteen Hundred Thirty-Eight 

Harvey N. Davis 
President 

C. E. Davies 
Secretary 


CAMBRIDGE PHILOSOPHICAL SOCIETY, 
NEW MUSEUMS, 
CAMBRIDGE. 


The CAMBRIDGE PHILOSOPHICAL SOCIETY offer their cordial congratulations to the 
American Mathematical Society on the completion of fifty years of activity. It ap- 
preciates highly the services which the American Society has rendered in fostering 
the love and pursuit of mathematics, and the value of the publications which have 
appeared in its records. The Cambridge Society trusts that the American Mathe- 
matical Society may flourish in the future as in the past, to a degree worthy of its 
long and distinguished history. 

On behalf and under the authority of the Society. 

F. Gowland Hopkins, President 
A. H. Wilson, Mathematical Secretary 


To the American Mathematical Society: 
The DANISH MATHEMATICAL SOCIETY sends its heartiest congratulations to the 
Semicentennial Celebration of the founding of its great American sister organization. 


= 
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Die 
DEUTSCHE MATHEMATIKER-VEREINIGUNG 
spricht der 
AMERICAN MATHEMATICAL SOCIETY 
fiir die ehrenvolle Einladung zu der vom 7.-9. September 1938 stattfindenden 
Erinnerungsfeier an ihre vor 50 Jahren erfolgte Griindung die herzlichsten Gliick- 
wiinsche aus. 

Vielfache Beziehungen im Interesse des Fortschritts der mathematischen Wissen- 
schaften haben beide Gesellschaften seit langer Zeit verbunden. Dariiber hinaus 
haben auch immer wieder zahlreiche Mitglieder beider Vereinigungen untereinander 
enge persénliche Fiihlung auf wissenschaftlichem Gebiete genommen. 

Die Deutsche Mathematiker-Vereinigung begleitet die American Mathematical 
Society bei dem Uebertritt in das zweite Halbjahrhundert ihres Bestehens mit allen 
guten Wiinschen fiir eine weitere glanzvolle Entwicklung. 

Siiss C. Miiller 

Der Vorsitzender: Der Schriftfiihrer: 


Dear Dean Richardson: 

The Hungarian “E6TVO6s LORAND SOCIETY OF MATHEMATICS AND PHYSICS” (“Eétvés 
Lorand Matematikai és Fizikai Tarsulat”) at its sitting of 2ist May 1938 resolved 
unanimously and eagerly to send its warmest greetings to its great sister organization 
on the occasion of the latter’s 50th anniversary. The development of mathematics 
in the United States during the last 50 years has in large part taken place under the 
auspices of this splendid institution, and the entire mathematical world stands in 
admiration of the rich fruits of this development. The Eétvés Lordnd Society of 
Mathematics and Physics sends its respectful greeting to the American Mathematical 
Society on this happy occasion, and expresses its heart-felt wish that your Society 
shall be able to continue its highly important function of advancing the science of 
mathematics in the future with the same brilliant success. 

In the name of the Eétvés Lorand Society, I remain 

Most respectfully yours, 
Leopold Fejér 
Vice-president of the 

Eétvés Lordnd Society of Mathe- 
matics and Physics 


The MATHEMATICAL ASSOCIATION OF AMERICA, through its officers and trustees, 
felicitates the American Mathematical Society on fifty years of successful activity 
and guidance in the promotion of mathematical research in America. It has developed 
as a nucleus of an earnest and increasingly able group, respected and highly esteemed 
at home and abroad. It has exercised a strong influence not merely in pure mathe- 
matics but in the fields of secondary and collegiate mathematics. 

The Mathematical Association of America is proud of the parent society and is 
grateful that the Society has uniformly given it a fine support and cooperation. May 
the next fifty years bring an even more notable advance in high and worthy scholar- 
ship. 

W. D. Cairns 
Secretary-Treasurer 
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(By cable) 

On behalf of the MITTAG LEFFLER INSTITUTE I have the honour to express our best 
wishes on the occasion of the Semicentennial Celebration of the founding of the 
American Mathematical Society. 

Carleman 


Dear Dr. Richardson: 

The NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS wishes for the Society 
many more Semicentennial Celebrations. The Society has been a genuine stimulus 
to mathematicians to carry on research, and as such it has contributed greatly to 
society. 

The Council congratulates you on your work and wishes for you continued success. 

H. C. Cristofferson 
President 


My dear Dean Richardson: 

The NATIONAL RESEARCH COUNCIL accepts with pleasure the invitation of the 
American Mathematical Society to be represented at the semicentennial celebration 
of the founding of the Society, which will be held at Columbia University September 
6th to 9th, and appoints Doctor Luther P. Eisenhart, Professor of Mathematics and 
Dean of the Graduate School at Princeton University as its representative on this 
occasion. Dean Eisenhart is also Chairman of the Division of Physical Sciences of the 
National Research Council. 

The Council values very highly its relationships with the American Mathematical 
Society, and extends its cordial congratulations to the Society upon the completion 
of a half century of service to the progress of mathematics in this ccuntry. 

Sincerely yours, 
Albert L. Barrows 
Executive Secretary 


Cher Monsieur et Collégue tris honoré, 

La soci—TE PHYSICO-MATHEMATIQUE A L’UNIVERSITE DE KAZAN vous prie de 
transmettre nos sincéres gratitudes pour l’aimable invitation adressée 4 nous avec la 
proposition de prendre part dans la célébration du cinquanténaire d’existence de 
lillustre Société Mathématique d’Amérique. 

A notre grand regret personne de nos membres n’a la possibilité de prendre part 
dans votre célébre féte savante. 

La Société Physico-Mathématique de Kazan vous bien prie, Cher Monsieur, de 
transmettre 4 la Société Mathématique d’Amérique les expressions respéctueuses 
d’admiration et d’hommage en ayant en vue si fécond, si brillant et si remarquable 
travail de la Société Mathématique d’Amérique pendant un demisiécle. 

Agréez, Cher Monsieur et Collégue, les expressions respéctueuses de nos sentiments 
trés distingués. 

Président de la Société Physico-Mathématique 
a l'Université de Kazan, 
Prof. Dr. Nikolai Parfentieev 
Vice-Président, Prof. Dr. N. Chebotarev 
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Professor R. C. Archibald 
Brown University 
Providence, R.I. 

Dear Professor Archibald, 

We thank you very much to have accepted to act as Delegate of the Polish Mathe- 
matical Society to the Semicentennial Celebration of the American Mathematical 
Society. 

Our relations with the American Mathematical Society are numerous and cordial 
since the founding of our Society, in the Polish State resuscitated. Yourself, Ayres, 
J. R. Kline, Lefschetz, Lubben, J. von Neumann, Stone, G. T. Whyburn, Garrett 
Birkhoff and others were in Poland and had lectures at our universities and at the 
sessions of our Society. Reciprocally, Hurewicz, Kuratowski, Saks, Splawa-Neyman, 
Ulam and others have or had lectures at the universities of USA and took part in 
the Congresses of the American Mathematical Society. The number of papers of 
American authors, printed in our periodicals, and vice versa, as well as the contact 
and general collaboration between members of both the Societies, augment each year. 
I hope you have no difficulty to represent our affectionate wishes to the American 
Mathematical Society. 

With kindest regards, and very sincerely yours, 

Bronislaw Knaster 
The Secretary 


The RUSSIAN SOCIETY OF PHILOSOPHY OF SCIENCE IN PARIS conveys to the Ameri- 
can Mathematical Society its greetings and congratulations on the occasion of the 
Semicentennial Anniversary of its highly productive activity. 

The American Mathematical Society came into life at a time when the people of 
the United States were kindled by an irresistible impulse, characteristic of the genius 
of this country, towards creative and constructive work in all the domains of human 
activity. 

In 1886, in a lecture upon multiple algebra, Josiah Willard Gibbs exalted this 
branch of mathematics in the following terms: 

“It is but natural and proper that an age like our own, characterised by the 
multiplication of labor-saving machinery, should be distinguished by an unexampled 
development of the most refined and most beautiful of machines.” 

The American Mathematical Society was founded two years after these words 
were spoken, and has brilliantly justified them by its Semicentennial activity. The 
prominent American mathematicians and philosophers who join in this day’s celebra- 
tion are a living proof thereof. Their achievements, which range over the whole of 
mathematics, have won world-wide recognition and represent a glorious contribution 
to Universal Science. 

D. Riabouchinsky 
President 
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Herrn Prof. A. Emch, Urbana, U. S. A. 
Hochgeehrter Herr Kollege! 

Beiliegend iibermittle ich Ihnen die Einladung der American Mathematical So- 
ciety zu der vom 6.-9. September stattfindenden 50-Jahrfeier. 

Im Namen der SCHWEIZERISCHEN MATHEMATISCHEN GESELLSCHAFT michte ich 
Sie recht herzlich bitten, bei diesem Anlasse die Schweiz zu vertreten und die besten 
Gliickwiinsche zu iiberbringen. Die freundschaftliche Gesinnung der amerikanischen 
Gelehrten ist uns doppelt wertvoll in der heutigen Zeit, da sie ja denselben Idealen 
huldigen wie unser kleines Land. 

In der Hoffnung, dass wir die Ehre haben werden durch Sie, hochgeehrten 
Kollegen, vertreten zu werden, griisst Sie mit vorziiglicher Hochschitzung 

Ihr ergebener 
W. Scherrer, 
zur Zeit Prasident der Schw. Math. Gesellschaft 


Sr. Presidente de la “American Mathematical Society”: 

Me es muy grato comunicarle que en la dltima sesién celebrada por la “SOCIEDAD 
MATEMATICA ESPANOLA” se acordo, por unanimidad, adherirse a los actos de con- 
memoraci6n del semicentenario de la fundacién de la “AMERICAN MATHEMATICAL 
SOCIETY” que han de celebrarse en el mes de septiembre préximo, en la Universidad 
de Columbia. 

Reciba, senor Presidente, adem4s del testimonio colectivo que me ha sido en- 
comendado trasmitirle en nombre de nuestra Sociedad, el de mi admiraci6n personal. 

J. Barinaga 
Presidente de la Sociedad MatemAtica Espafiola 


Mon cher collégue, 

La sociIETE MATHEMATIQUE DE FRANCE vous demande de présenter ses remerci- 
ments pour I’invitation qui lui a été si aimablement faite de participer 4 la com- 
mémoration du cinquantenaire de la Fondation de l’American Mathematical Society. 
Le Conseil de la Société a demandé 4 Mr. G. D. Birkhoff de vouloir bien étre le 
délégué de la Société Mathématique de France. 

La Société Mathématique de France vous adresse 4 I’occasion de cette belle céré- 
monie tous ses voeux de prospérité. 

Croyez, mon cher collégue, 4 mes sentiments les meilleurs et les plus dévoués. 

G. Darmais 
Secrétaire de la Société Mathématique de France 


Monsieur le President, 

Nous vous remercions chaleureusement de |’aimable invitation que vous avez 
eu la bonté d’adresser 4 la soc1ETE MATHEMATIQUE DE GRECE pour la célébration de 
Semicentennial of the American Mathematical Society. 

Nous nous empresson d’exprimer de la part des Mathématiciens Hellénes les plus 
chaleureuses et les plus sincéres félicitations pour les progris réalisés et l’oeuvre 
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sérieuse accomplie jusqu’ 4 présent par votre honorable Société, ainsi que nos meilleurs 
voeux pour l’avenir. 
Messieurs Marston Morse et Aristotle Michal ont été chargés par notre Société 
de la représenter a cette féte solennelle. 
Veuillez agréer, Monsieur le Président, l’expression de notre haute considération. 
Le Président Le secrétaire général 
N. Sakellariou C. Lambiris 


Chiarissimo Signor Professore, 

Mi é gradito I’ annunciarvi che il nostro presidente ha incaricato i prof.: David 
Eugene Smith, Columbia University, ed Virgil Snyder, Cornell University, di rap- 
presentare |’ UNIONE MATEMATICA ITALIANA, alla celebrazione del Semicentenario 
della Fondazione della American Mathematical Society, che avra luogo nel prossimo 
Settembre. 

Faccio i migliori auguri per la buona riescita della pre annunciata celebrazione, 
e per I’ avvenire della American Mathematical Society, insieme coi pit cordiali saluti, 

Ettore Bortolotti 
Segretario della Unione Matematica Italiana 
Al Chiarissimo Signor Professore Dean R. G. D. Richardson 
Secretary of the American Mathematical Society 


APPENDIX L 
RESOLUTION OF THANKS 


The members of the American Mathematical Society feel that the Semicentennial 
Celebration and Summer Meeting of 1938 have been superbly successful and memori- 
alize in a permanent and fitting way the eminence of America in mathematics and 
the leading role that the American Mathematical Society has played in the advance 
of mathematics. They feel that the magnitude and the high plane of the program are 
a cause for satisfaction and congratulation and they recognize the immeasurable debt 
to the founders, officers, editors, and other members who by their united efforts 
through half a century have made the present meetings possible. The members of 
the Society are particularly conscious of the untiring and skillful work of those per- 
sons who have planned this Semicentennial Celebration and who, with their co- 
workers, have made it successful. 

Therefore, Be it resolved: That the American Mathematical Society express its 
appreciation and thanks to all who have labored for the success of this Semicentennial. 
Be it further resolved: That particular thanks be extended to Dr. Thornton C. Fry, 
Executive Secretary of the Semicentennial Committee, for his able leadership and 
untiring labors; That particular thanks be extended to the officials of the Bell Tele- 
phone Laboratories for their generosity in permitting Dr. Fry to devote part of his 
time to this task and to draw upon the extensive resources of that organization in 
many ways; That particular thanks be extended to Professor W. B. Fite and members 
of his subcommittee who have handled the local arrangements in a masterly way for 
the convenience of all and for the success of the meetings; That particular thanks be 
extended to Professor Virgil Snyder and members of his subcommittee for their 
promptness and efficiency in publishing the proceedings of these meetings; That par- 
ticular thanks be extended to Professor D, E. Smith and members of his subcommit- 
tee for arranging the mathematical exhibits; That particular thanks be extended to 


30 AMERICAN MATHEMATICAL SOCIETY [January 


Professor L. P. Eisenhart and members of his subcommittee for their care in selecting 
the speakers; That particular thanks be extended to Professor A. E. Meder, Jr. for 
work in handling publicity for the entire Celebration; That particular thanks be 
extended to Professor R. C. Archibald and other members of the Subcommittee on 
Program; That particular thanks be extended to Colonel Harris Jones and the mem- 
bers of his Department of Mathematics at West Point, for their courteous entertain- 
ment of the members of the Society. 

And be it further resolved: That particular thanks be extended to the following 
non-members of the Society: The Commandant of the United States Military Acad- 
emy of West Point, for his kindness in ordering a regimental dress parade of the 
cadets; Miss Bertha M. Frick, Curator of the Plimpton, Smith, and Dale Libraries, 
for her special efforts in connection with exhibits; Mr. Aaron Bakst, for his untiring 
efforts in arranging exhibits; Mr. G. J. Sklaar, instructor in Art at the New Jersey 
College for Women, for the bas-relief portrait study of Professor Fiske; Mr. A. R. 
Thompson, typographical expert of the Bell Telephone Laboratories, for his assistance 
in connection with many matters pertaining to the meetings; and Mrs. D. R. Eaton, 
secretary to Dr. Fry, for her effective work in connection with the commemorative 
banquet. 

Be it further resolved: That a copy of these resolutions be spread on the minutes 
of the Society and that copies be sent to all persons mentioned therein and to all 
members of committees and to others as the Secretary may deem appropriate. 


APPENDIX M 
PERSONNEL OF COMMITTEES 


Committee on the Semicentennial Celebration: T. S. Fiske, chairman; R. C. Archibald, 
vice chairman; T. C. Fry, executive secretary; W. L. Ayres, J. L. Coolidge, L. E. 
Dickson, E. R. Hedrick, T. R. Hollcroft, M. H. Ingraham, Dunham Jackson, J. R. 
Kline, Solomon Lefschetz, R. L. Moore, G. W. Mullins, James Pierpont, T. M. 
Putnam, R. G. D. Richardson, Virgil Snyder, H. S. White. 

Subcommittee on Program: R. C. Archibald, chairman; M. H. Ingraham, J. R. Kline. 

Subcommittee on Invited Speakers: L. P. Eisenhart, chairman; G. D. Birkhoff, G. A. 
Bliss, A. B. Coble, E. R. Hedrick. 

Subcommittee on Arrangements: W. B. Fite, chairman; R. L. Dietzold, B. P. Gill, 
E. R. Lorch, R. G. Putnam, Mina S. Rees, P. A. Smith. 

Subcommittee on Publicity: A. E. Meder, Jr. 

Subcommittee on Exhibits: D. E. Smith, chairman; Instruments and Models: Aaron 

3akst, W. B. Fite, W. D. Reeve; Books and Manuscripts: Bertha M. Frick, D. E. 
Smith; History of the Society: R. C. Archibald, T. S. Fiske. 

Subcommittee on Publication: Virgil Snyder, chairman; W. H. Bussey, Arnold 

Dresden, T. R. Hollcroft, Clara E. Smith. 
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HISTORY OF THE AMERICAN MATHEMATICAL SOCIETY 
1888—1938* 


RAYMOND CLARE ARCHIBALD 


At the present time, throughout the world, there are many mathe- 
matical societies, but if we limit our consideration to those which 
have been in existence at least twenty-five years there are but twenty. 
This number is reduced to eleven if the minimum age is set at fifty 
years. Let us then recall who our ten elder sisters may be. The Ham- 
burg Mathematical Society, founded in 1690, with publications is- 
sued almost continuously during the past two hundred years, started 
out as “A Society for Lovers of the Art of Calculation.” The Amster- 
dam Mathematical Society is only 160 years old, but it has been issuing 
substantial volumes since 1782. The other eight societies are very 
much younger. The forerunner of the Czechoslovakian Society for 
Mathematics and Physics, organized in 1869, was the Society for 
Free Lectures on Mathematics and Physics, founded 76 years ago. 
This Society with nearly 2000 members is the most affluent of all 
mathematical organizations, owning its own press and buildings 
where it transacts an extensive business in texts used throughout the 
country. The important Moscow Mathematical Society developed 
in 1867 from a Circle of Lovers of Mathematics, started in 1864. The 
fifth member of this family of societies, The London Mathematical 
Society, was born a year later, and its kinship with our own organiza- 
tion will presently be indicated. After two seven-year intervals the 
Mathematical Society of France arrived in 1872 and the Kharkov 
Mathematical Society in 1879. The group of ten was completed in 
1884 by the delivery of triplets, the Edinburgh Mathematical Soci- 
ety, the Mathematical Circle of Palermo, and the Physico-Mathe- 
matical Society of Japan. 

These ten societies are in eight countries, and in five of these coun- 
tries during the nineteenth century great mathematical discoverers 
were flourishing. France had, for example, Laplace, Legendre, Ponce- 
let, Cauchy, Hermite, and Poincaré; Germany had Gauss, Weier- 
strass, Riemann, Jacobi, Steiner, and Kronecker; Great Britain had 
Hamilton, Smith, Cayley, Sylvester, Stokes, and Maxwell; Italy 


* This was the first of the ten invited addresses for the Semicentennial Celebra- 
tion; the other nine have been published as Volume 2 of the American Mathematical 
Society Semicentennial Publications. Twenty-two portraits on lantern slides, here 
listed at the end of the address, were used to illustrate this lecture. 
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had Cremona, Brioschi, Beltrami, Betti, and Dini; Russia had Che- 
yyshev, Lobachevskil, and Liapunov. It was probably while thinking 


f the work of such men that Maxime Bécher wrote in January, 1895: 

‘In my opinion there is no American mathematics worth speaking of 

” If facts now common property had been known to Bécher, he 

might well have cast his statement into different form. Only the 
iefest suggestion as to such facts may now be indicated. 

Phere was certainly no real mathematical research in the United 

; before the beginning of the nineteenth century. Robert Adrain 


hen formulating and answering questions involving elliptic in- 


tecrals and the calculus of variations. Also Nathaniel Bowditch, 
famed for his American Practical Navigator, prepared a monumental 
i dition of most of Laplace’s Mécanique Céleste with vers 


elaborate commentary, and he published an interesting memoir on 


the motion of a pendulum suspended from two points, and thus 


itiated the study of curves much later to become famous also in 


n t1 with certain acoustical phenomena as Lissajous’s curves. 
N in ronological order is Benjamin Peirce, of Harvard Univer- 
n extraordinarily inspiring teacher and a man of great abiliti 
ible Analytical Mechanics is to be found in nearly all tl 
ries of Europe. But of prime importan is h 
n i Linear Associative Algebra, first published privately in . 
ipa ing 1 ood de of th yr] yf St d nG ff in 
on with the theory of hypercomplex numbers. George Wil 
im riill, born about a generation later than Feirce, was the greatest 
i the nine 
mi er of the 
\ journal ntal in the 
I ection 
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contained many important papers by such men as Sylvester, Cayley, 
and H. A. Rowland, as well as others less significant by such authors 
as Fabian Franklin, W. I. Stringham, and Henry Taber, who had re- 
legrees at The Johns Hopkins; by F. N. Cole, 


d his doctorate at Harvard, although the work for it was 
mainly done in Leipzig under Klein’s direction; and by E. H. Moore, 
whose A.B. and Ph.D. degrees came from Yale University. 

These suggestions must suffice to indicate that in the United States 
before the founding of our Society there was already an inspiring 
mathematical center, and that a considerable body of mathematical 
work, some of it of first importance, had certainly been already 
achieved. Many people scattered over the country were then engaged 
in mathematical pursuits, and among them were not a few who had 
obtained their doctor’s degrees either here or in Europe. Hence the 
time was opportune for drawing them together in a mathematical or- 


he spring of 1887, when Thomas Scott Fiske was in his second 
year as a graduate student and assistant in mathematics at Columbia 
College, he decided that six months of the following year should be 


in study at t 


he University of Cambridge. Coming with high 
credentials he was received as a guest. Among his rich experiences 
was the establishment of an intimate friendship with J. W. L. Glai- 
sher who took him to the meetings of the London Mathematical 
Society. These meetings deeply impressed Fiske, and on returning 
to New York he was imbued with the idea that in America there 
should be a stronger feeling of comradeship among those interested 
in mathematics. And thus it came about that upon the call of Fiske, 
and two friends in the graduate school, Edward Lincoln Stabler and 
Harold Jacoby—three young men all born in the same year, 1865— 
six persons assembled at Columbia College on Thanksgiving Day, 
1888, to organize a local mathematical society. A constitution was 
adopted at the second meeting on December 29, 1888, and the New 
York Mathematical Society came into being. John Howard Van Am- 
ringe, professor of mathematics in the School of Arts at Columbia 
College, was elected as its first president, and Dr. Fiske as secretary. 
“Van Am,” as the president was universally called, was a unique fig- 
ure in Columbia College and University, and probably no other 
teacher there of his day was so loved and revered. As M. H. Thomas 
has told us, “his boys” have delighted to perpetuate his memory at 
Columbia in song and stone and bronze and oils. One of Columbia’s 
most popular songs is the adaptation to Van Am of “John Peel,” the 
fine old English hunting song, commencing 


vanizati 
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D’ye ken Van Am, with his snowy hair, 
D’ye ken Van Am, with his whiskers rare, 
D’ye ken Van Am, with his martial air, 

As he crosses the Quad in the morning? 


And then the refrain: 


For the sight of Van Am raised my hat from my head, 

And the sound of his voice often filled me with dread, 

Oh! I shook in my boots at the things that he said, 
When he asked me to call in the morning. 


The little Society met monthly during the college year, and the 
sixteen members at the end of 1889 included: J. K. Rees, professor 
of geodesy and practical astronomy and director of the Observatory 
at Columbia; I. C. Pierson, secretary of the Actuarial Society of 
America; J. E. McClintock, vice president of the Actuarial Society 
of America and actuary of the Mutual Life Insurance Company of 
New York, later to serve the Society so notably; M. I. Pupin, in- 
structor in mathematical physics at Columbia and throughout life 
one of the Society’s finest friends. In December, 1890, when the new 
president, Dr. McClintock, was in the chair, a letter from an American 
who had attended a meeting of the London Mathematical Society 
was read. It described the meeting and made reference to its Pro- 
ceedings. Resulting discussion led to the motion that our Society 
publish a bulletin, the details to be worked out by the Council which 
had been established in June, 1889. And thus, as in connection with 
our founding, the London Society was again suggestive. At the meet- 
ing of our Society in January, 1891, it was decided, on the basis of 
the Council’s report, that the publication of a bulletin should not be 
attempted unless (a) the annual dues were increased from two to five 
dollars; and (b) the number of members became very much larger. 
There were only 23 members of the Society at the end of 1890. Dr. 
Fiske then commenced his campaign for members. I wish that I 
might pause to give you details but I may merely note results, name- 
ly, that his printed list of April third contained the names of 89 mem- 
bers; the one for May first, 135, and that for June, 174. The publica- 
tion of the Bulletin of the New York Mathematical Society was thus 
made possible, and the first number of the first volume appeared in 
October, 1891; the style of the cover was patterned after that of the 
Messenger of Mathematics, edited by Glaisher. Dr. Fiske became 
the editor-in-chief. Of this first number 2000 copies were printed for 
wide free distribution in the continuation of the campaign for mem- 
bers. By the end of 1891 the membership totalled 210—an increase 
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of 187 in this single year, when the Society blossomed forth from a 
purely local into a truly national organization; indeed by 1892 it had 
become international since, apart from Canadians, such men as Cay- 
ley, Glaisher, and Mindizdbel-Tamborrel, were also members. No 
praise can be too high for this very extraordinary achievement of 
Secretary Fiske, heartily backed by President McClintock. Let us 
hope that no longer will the erroneous statement be made that the 
Society became national in 1894. 

During the five years 1892-1896 there were several important oc- 
currences leading to later development, in the Society and in mathe- 
matics of this country. The University of Chicago opened its doors 
in the autumn of 1892 and the department of mathematics began 
with that remarkable group of professors Eliakim Hastings Moore, 
Oskar Bolza, and Heinrich Maschke. They supplemented one an- 
other notably: Moore, a fiery enthusiast, brilliant, and keenly inter- 
ested in the popular research movements of his day; Belza, product 
of the meticulous German school of analysis led by Weierstrass, able 
and widely-read scholar; Maschke, deliberate, sagacious, brilliant in 
research, delightful lecturer on geometry. During the period 1892- 
1908 the University of Chicago was the second great university center 
of mathematical inspiration, and unsurpassed in this country as an 
institution for the study of higher mathematics. For the World’s Fair 
at Chicago Moore, Bolza, Maschke, and H. S. White of Northwest- 
ern University constituted the local committee for mathematics and 
astronomy, which in August, 1893, organized the first International 
Congress of Mathematicians, in which seven countries participated. 
Felix Klein was the outstanding figure at the Congress. During two 
weeks after it was finished he lectured daily at a Colloquium in 
Evanston organized by some of his former students, particularly 
Professor White with whom he stayed. These lectures were published 
in 1894 and reprinted by the Society in 1911 after they had been out 
of print for some years. 

On the suggestion of Professor Moore in April, 1894, the Society 
undertook the publication of the Proceedings of the Chicago Inter- 
national Congress; about twenty per cent of the necessary cost was 
covered by private subscriptions. Apart from its Bulletin this was the 
first mathematical publication of the Society. Such a major enter- 
prise quickened the desire of its members for a name indicative of its 
national or continental character. A meeting of the American Asso- 
ciation for the Advancement of Science at Brooklyn, N. Y., in Au- 
gust, 1894, suggested an appropriate time for the début. Hence a fore- 
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gathering in affiliation with Section A took place, and thus occurred 
not only the first summer meeting of the Society but also the first 
meeting of “The American Mathematical Society.” Summer meet- 
ings were continued annually, except in 1924 when the International 
Congress of Mathematicians met in Toronto. After attending two 
such meetings, Professor H. S. White, with the satisfactions of the 
Evanston Colloquium fresh in mind, felt that similar colloquia follow- 
ing the summer meetings would be a source of inspiration to many 
people. He communicated his thought to Professor Fiske and a num- 
ber of prominent members soon supported the project. As a result, 
immediately after the summer meeting in Buffalo in 1896, Professors 
Bécher and Pierpont each delivered six lectures in the first series of 
Colloquium Lectures of the Society, a series later to develop into one 
of its most important activities. The second set of such lectures was 
delivered in 1898 at Harvard University by Professors W. F. Osgood 
and A. G. Webster. The value of Professor White’s idea was then 
fully demonstrated and such lectures were later an integral part of 
he program of summer meetings. So it was in 1901 at Cornell Uni- 
versity when the third set of lectures was delivered by Professors Bolza 
and E. W. Brown. The Boston Colloquium of 1903 was the fourth 
and of special interest in two respects; firstly because the three lec- 
turers, Professors E. B. Van Vleck, H. S. White, and F. S. Woods 
were all former students of J. M. Van Vleck, of Wesleyan University; 


secondly because these were the first lectures in this series to be is- 
sued in book form. At the twenty colloquia which have been held 
(the last in 1937) there have been 33 speakers (one counted twice) 
and the lectures of 28 of them have been published, several of the 
volumes in more than one edition. 

In making reference to Colloquium Lectures we have gone far be- 
yond our quinquennial period 1892-1896, for which a few more com- 
ments are appropriate. President McClintock was elected for four 
consecutive years, 1891-1894, and during his term of office, which 
was twice as long as that of any other president, the membership in- 
creased from 23 to 251, three volumes of the Bulletin had been pub- 
lished, summer meetings were started, and the Society took on a new 
name, at the same time that an important publication project was 
launched. Further, the first librarian of the Society, the well known 
author Professor D. A. Murray, was appointed in May, 1892, the 
first book for the Library having been donated in 1890. In 1895 the 
third librarian was Mr. E. L. Stabler, who joined with Professor Fiske 
in the call for the founding of the Society. We rejoice to have him 


with us at this celebration. McClintock published notable mathe- 
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matical papers, and was one of the greatest actuaries that America 
has ever produced. The connection of the Society with actuaries, all 
through its history, has been a notable source of strength. McClin- 
tock’s successor, for the final years of the period, was G. W. Hill, to 
whose genius as a man of research we have already paid tribute. He 
was a great lover of nature, and accumulated from personal observa- 
tion an extraordinary amount of knowledge about trees, flowers, and 
birds. 

At the ceginning of our next quinquennial period, 1897-1901, an- 
other great astronomer, Simon Newcomb, became president of the 
Society, towards the close of his career. An international committee 
had just selected him as the leading astronomer in the world. No 
other American scientist ever accumulated such an extraordinary 
collection of tokens of recognition of great achievements. He and 
Weierstrass were elected in the same year as foreign associates of 
the Academy of Sciences of the Institute of France. The Society 
was fortunate in those days in having so many astronomers among 
its members. Besides Hill and Newcomb there were, for example, 
E. W. Brown, J. G. Hagen, later the director of the Vatican Ob- 
servatory, Harold Jacoby, later head of the department of astronomy 
at Columbia University, A. O. Leuschner, C. L. Poor, T. H. Safford, 
Ormond Stone, founder of the Annals of Mathematics, J. M. Van 
Vleck, and Mary W. Whitney. The American Astronomical Society 
was not founded until 1599. To one surveying the Society’s history 
a feeling of pride must be engendered by the fact that among her 
presidents have been three great men who worked on a common 
problem, the motions of the moon: Newcomb, the mighty watcher 
of the skies; Hill and Brown, the leaders among all mathematical 
astronomers who have achieved their careers in this country. Inci- 
dentally it may be remarked that the two latter, like the greatest 
mathematical astronomer of all time, were wedded to their intellec- 
tual interests alone. The same might be said of A. S. Eddington 
and Josiah Willard Gibbs. 

Early in 1897 the Chicago Section of the American Mathematical 
Society was organized for members in Chicago and surrounding 
places. Under the inspiration of the group at the University, to which 
we have already referred, this Section contributed signally in every 
direction to promoting the ideals of the Society. By 1913 its scientific 
meetings were recorded as regular meetings of the Society; but be- 
ginning with 1924, the meetings were in every respect regular meet- 
ings of the Society, and there was a general understanding that a 
meeting of the Council should be held there once a year. 
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Soon after starting the Bulletin Professor Fiske found that Pro- 
fessors Ziwet and Cole at the University of Michigan were especially 
helpful, and E. R. Hedrick, a student of Ziwet, worked for a time 
on preparing lists of new publications for the Bulletin. In 1895 Cole 
was one of three distinguished scholars called to Columbia Uni- 
versity to give prestige to the infant Barnard College. Beginning with 
1896, on Fiske’s recommendation, his duties as Secretary of the 
Society were turned over to Cole; and beginning with February, 
1899, his further recommendation that Cole be made editor-in-chief 
of the Bulletin as well was also put into effect. It was not a case of 
Fiske suddenly terminating the period of his great services to the 
Society, but rather that he had undertaken to render her still further 
notable assistance in another direction. 

As early as 1897 discussion had started in the Society concerning 
the pressing need for a journal in which to publish original investi- 
gations. In the following year a committee consisting of Professors 
Fiske (chairman), Bécher, E. H. Moore, Newcomb, and Pierpont, 
was appointed to report to the Council on this matter. At first an 
attempt was made to acquire editorial control of the American 
Journal of Mathematics with Newcomb as editor-in-chief, but this 
plan fell through. The much larger project of starting an entirely 
new publication was then taken up. At the Christmas meeting of the 
Chicago Section in 1898 Professor Pierpont was greatly encouraged 
by the opinions of the leading mathematicians favoring the project, 
and especially by the unbounded enthusiasm of Maschke. By April, 
1899, arrangements had been made for the publication of the Trans- 
actions, subventions of $100 a year for five years having been 
promised by ten colleges or universities. Similar subventions were 
continued for another five years. Thus during the first ten years of 
publication $8100 was contributed by sixteen institutions: Chicago, 
Columbia, Cornell, Northwestern, and Yale each for ten years; and 
the following for shorter periods: Bryn Mawr, California, Harvard, 
Haverford, Illinois, Missouri, Princeton, Stanford, Vassar, Wesleyan, 
and Wisconsin. The cooperation of these institutions was only secured 
after carefully prepared conferences with officers and administration. 
In this connection James Pierpont played a leading role. 

The first editors of the Transactions were E. H. Moore, editor-in- 
chief, 1899-1907, E. W. Brown, 1899-1906, and T. S. Fiske, 1899- 
1905. Moore and his associates gave concrete form to an ideal and 
erected an inspiring editorial standard which has been fully main- 
tained ever since. The Transactions was launched during the presi- 
dency of R. S. Woodward, distinguished for research of funda- 
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mental importance in geodesy and geophysics. He was professor of 
mechanics and mathematical physics as well as dean of the school of 
pure science at Columbia University before becoming president of 
the Carnegie Institution of Washington. He was a man of extra- 
ordinary personal charm. His successor as president of the Society 
was E. H. Moore, who was followed as editor-in-chief or managing 
editor of the Transactions by the succession: Bécher, Osgood, Bécher, 
Dickson, D. R. Curtiss, Eisenhart, Coble, Dunham Jackson, R. D. 
Carmichael, and C. C. MacDuffee. During the 37 years 1900-1936, 
40 volumes of the Transactions, containing over 24,000 pages, were 
published. They contained 1536 papers by 502 authors. Among these 
authors were many of the leading foreign mathematicians. 

By the end of 1908, when the Society was twenty years old, there 
were 592 members, and the Society had published seventeen volumes 
of the Bulletin, nine of the Transactions, a volume of Colloquium 
Lectures, and the proceedings of an international congress. Following 
the example set by the Chicago Section, San Francisco and South- 
western Sections of the Society had been organized in 1902 and 1906, 
respectively, and beginning with 1929 their meetings also were 
counted as regular meetings of the Society. During the twenty 
years more than 320 different authors presented papers at the 
Society’s meetings. The attendance was usually comparatively 
small; even at the annual meeting the maximum attendance, by far 
the largest, was 81, and at a summer meeting 60. Professor Osgood 
recalls that “the meetings of the Society had already become interest- 
ing. Colleagues came together informally in some convenient hotel 
or restaurant—it was the time when ‘Rathskeller’ was applying for 
citizenship in the English language—where discussion in small groups 
was easy, and one could talk mathematics with men who knew some- 
thing of mathematics. Thus personal contact led to acquaintance 
and not infrequently to enduring friendships.” The late Professor 
Morley recalled that the “meetings of the Society were friendly, 
optimistic, and even jovial. The seniors, such as G. W. Hill, and H. A. 
Newton of Yale, were of course dignified; and so were the Harvard 
men. But it was a new note in scientific meetings to encounter, for 
instance, G. B. Halsted, who said to me when we met: ‘Come down to 
Texas, and we will shoot Mexicans.’ In fact a joke was welcomed.” 

This was the Halsted who started three of our presidents on their 
mathematical careers. He sent out Dickson, and our present presi- 
dent R. L. Moore, from the University of Texas; but before that, at 
Princeton, the inspiration of his enthusiasm led Fine, in his junior 
year to give up the idea of specializing in ancient classics, in order 
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to spend a lifetime in exploring the beauties of mathematics. And 
now the flames of Dickson’s and Moore’s enthusiasms are develop- 


hools of disciples. In the period under consideration Fiske, 
od, and White were the successive presidents of the Society 
following E. H. Moore. Fine became president a little later, 1911- 


112, just after Bocher. 
the year 1920 drew to a close important administrative changes 
nd a financial crisis had to be faced. Professor Cole, who had been 
retary of the Society for 25 years, and editor-in-chief of the 
Bulletin for 22 years, resigned from these offices, which he had con- 
ducted with high idealism, conspicuous ability, and constant vigi- 
nce in maintaining the Society's prestige. The most striking evi- 
dence of the tremendous load which he had borne, almost alone except 
1913, and amid many serious problems raised by the World 
War, is that three people were appointed to continue his personal 
These included Professor Richardson, the new secretary, and 

fessor Hedrick, the new editor-in-chief of the Bulletin. 

other resignation at the close of 1920 was that of Professor 
had been librarian for nineteen years. The library’s 
present excellence is almost wholly due to him. When he entered upon 


his office the total number of volumes was only 121, and 64 peri- 
xlicals were received by exchange; but upon his retirement, the total 
tale was 5862 volumes, and 123 exchanges. During the past eighteen 


years R. C. Archibald has been librarian. Of 9069 volumes now in 
the library, 6554 are bound periodicals; 224 current journals are 
being accessioned. Under mutually advantageous agreements begun 

1901 and culminating in 1934, our library has been cared for by 


Columbia University. 


For fifty years the Society has been a welcome guest of Columbia, 
rst while it was a College on East 49th Street and Madison Avenue 
until 1897, and then as a University at Morningside Heights on West 
116th Street. Until 1901 President Seth Low was the directing genius 
of the College and University. But since 1902 President Butler, from 
the first a friend and admirer of Professor Fiske, has furnished us with 
offices and facilities for meetings which have been very notable con- 
tributions in the upbuilding of our Society. 
Late in 1919, thirty-one years after the Society was founded, the 


Council turned again with confidence to one who had held almost 
very office in her gift, and requested Professor Fiske to become 
hairman of a committee on reorganization. In the following August 
the committee reported that even if increase of annual dues and 


other recommendations were put into effect, there would certainly 
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be a deficit, unless a considerable increase in membership could be 
effected over the total of 770 at that time. Professor Hedrick was 
immediately appointed chairman of a committee on membership and 
sales, and he convinced his somewhat doubting colleagues on the 
committee, Professor Birkhoff and President-elect Bliss, that tangible 
results could be achieved. After Hedrick withdrew, in order to deal 
with Bulletin problems, Bliss became chairman, and he was able at 
the close of his term of office in 1922 to make the remarkable report 
that since October, 1920, 403 new members and 110 new subscribers 
to the Transactions had been secured. But even such vigorous meas- 
ures were inadequate for meeting bills based on great increases in 
cost of printing; curtailment of output would earlier have been neces- 
sary had not gifts amounting to $4600 covered the cost of one 
volume of the Transactions and of part of a second. Among the last 
acts of Bliss’s administration were the appointments of Professor 
Julian L. Coolidge as chairman of a committee on endowment, and 
of a new chairman for the committee on membership, which has ever 
since been regarded as a necessary part of the Society’s continued 
development. 

One of the happier experiences of war days was the establishment 
of connections of the Society with the National Research Council, 
three members of the Society being constantly members of the Di- 
vision of Physical Sciences of the Council since 1919. In 1921, largely 
through Veblen’s influence, the Division set aside a sum of $1500 asa 
“Revolving Fund for the publication of Mathematical Books.” 
Volumes by Eisenhart, White, Batchelder, and Bliss nave been pub- 
lished with the aid of this fund, which is still almost intact. 

Another timely outlet for publication was the Journal of Mathe- 
matics and Physics, a quarterly established by the Massachusetts 
Institute of Technology in 1921. 

We now come to the momentous presidential term of Professor 
Veblen in 1923-1924. After several attempts, the Society was finally 
incorporated in May, 1923, under the Laws of the District of 
Columbia. As the result of new By-Laws, a Board of Trustees was 
created to receive and to administer the funds of the Society, to have 
full legal control of its investments and properties, to make con- 
tracts, and in general to conduct all business affairs of the Society. 
The function of the Council was still to formulate and administer the 


scientific policies of the Society, and to act in an advisory capacity 
to the Board of Trustees. The Society was now in a position to set 


forth on an endowment campaign 
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Professor Coolidge started out with $100,000 as the goal for an 
Endowment Fund. He decided that members of the Society should 
first make their contributions, and that an attempt should be made to 
educate the public to appreciate the basic character of mathematics 
in our present civilization and the importance of mathematical re- 
search in advancing that civilization. As a result, before the end of 
1923, $25,000 had been contributed to the Endowment Fund and the 
Josiah Willard Gibbs Lectureship had been established. Of the four- 
teen lectures which have been delivered under this Lectureship the 
first was at Columbia University in February, 1924, by Professor 
Michael Pupin; Dr. Robert Henderson, actuary, for fifteen years 
trustee of the Society, gave the second lecture; the fifth lecturer was 
the late Professor E. W. Brown. Professor Coolidge’s committee next 
commenced the solicitation of funds from foundations, from in- 
dustries dependent on mathematics, and from individuals outside of 
the Society. Through representations of Professors Coolidge and 
Veblen, the General Education Board of the Rockefeller Foundation 
became interested in the question of subsidizing scientific printing, 
and in 1925 commenced to turn over to the National Academy of 
Sciences $10,000 a year for allocation to various scientific publica- 
tions, but with special reference to those in the field of mathematics. 

The Endowment Fund Committee reported at the end of 1925 
that $55,000 had been secured in gifts or pledges, and $4000 was 
assured for 1926 from sustaining members; that the subvention from 
the National Academy of Sciences for 1925 was $3100 and for 1926 
$2500. Hence the additional income to the Society for 1926 was more 
than $10,000, which is considerably in excess of what would have 
resulted from carrying through the Endowment Fund plan in its 
original form. The achievements of Professors Coolidge and Veblen 
were indeed remarkable, and Professor Dresden in the middle west 
and Dr. Henderson in New York also made notable contributions 
to the committee’s work. In 1926 over $64,170 was paid into the 
Endowment Fund of the Society which now amounts to about 
$70,456. 

Brief reference may be made to other special funds of the Society 
in the order of their foundation. The Cole Fund, started in 1921, now 
amounts to about $3700 after the payment of prizes to Professors 
Dickson and Vandiver for work in the theory of numbers. The 
Bécher Memorial Fund, established in 1922, now amounts to about 
$2150; from income of this fund four awards of prizes have been made 
to Professors Birkhoff, E. T. Bell, Lefschetz, J. W. Alexander, H. C. 


M. Morse, and N. Wiener. Professor Lefschetz was later the fourth 
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professor from Princeton University to become president of our 
Society. The Moore fund, established in 1922 by former students to 
perpetuate the name of Eliakim Hastings Moore, amounts to about 
$4300. The Reilly Fund, which will eventually amount to at least 
$20,000, “to be used for the advancement of research in pure mathe- 
matics,” was established by a bequest of Miss Marion Reilly, edu- 
cator, suffrage leader, and philanthropist, who was dean at Bryn 
Mawr College for a-decade, then director of the College until her 
death in 1928; this fund amounts at present to about $15,000. 

At the close of 1937 the total financial assets of the Society were 
listed as the goodly sum of $130,758. But the stock of the Society’s 
publications also constitutes assets of great value; last June, for 
example, there were 5900 volumes of Colloquium Publications in 
stock. During 1937 the Society received $3508 from the sale of 
volumes of Colloquium Publications, and of back numbers of the 
Bulletin and Transactions. Such sales are continuous, while the 
stock is constantly increasing. At list prices the stock of publications 
at the present time is valued at more than $100,000. Such a semi- 
centennial showing is indeed impressive. 

As the endowment campaign approached a conclusion, during 
President Birkhoff’s term of office, 1925-1926, Professor Veblen 
raised various questions with regard to Colloquium Lectures, which 
led, in 1928, to the addition of three further officers in the Society, 
namely the editors of Colloquium Publications. This inappropriate 
series designation was intended to cover not only all published col- 
loquium lectures but also other volumes accepted by the editorial 
committee, but not delivered as lectures. Seven volumes of this latter 
type have been published by the Society, 1927-1938. 

Incidentally it may be noted that on President Birkhoff’s sugges- 
tion in 1926 the Council approved of his plan of creating a Visiting 
Lectureship for the Society. In this connection the following six lec- 
turers have been appointed, 1927-1936: Professors Carathéodory, 
Weyl, Bompiani, Blaschke, R. L. Moore, and Vijayaraghavan. 

Economic conditions in a country may play havoc with the best 
laid plans; they caused reduction in income in the securities of the 
Endowment Fund and in sustaining memberships, so that beginning 
with 1931 an increase in membership dues became necessary. But the 
income from sustaining memberships which{had amounted to $4800 
in 1928 declined to $1800 in 1933. Furthermore, it had been under- 
stood that the subventions of the Rockefeller Foundation were only 
temporary and were likely to terminate in 1934. Matters were thus 
brought to a head during President Coble’s administration in 1933- 
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1934. A plan was devised for stabilizing the Society’s finances by in- 
creasing the number of individual contributing members, and of 
sustaining and contributing institutional members. How Professor 
Ingraham covered himself with glory during 1934-1935 in visiting 
many major institutions of the continent, and securing 119 contribut- 
ing members yielding about $1200 a year, and 87 institutional mem- 
bers producing nearly $6500 annually, is familiar to all of you. The 
Rockefeller Foundation not only paid the expenses of this campaign 
amounting to about $8500, but also continued its subventions until 
1936. With financial stability assured it is therefore with high hope 
for further worthy achievement that the Society faces the future, 
where pressing problems await attention. 

After 1920 there was a great increase in the amount of material 
offered for publication, due to such factors as the general return to 
normal conditions, the influx of foreign scholars into the country, 
and the great increase in the number of members of the Society. At 
the close of 1920 there were 770 members; of 1925, 1542; of 1930, 
1926; of 1937, 2127. It was not, however, until 1926, when the income 
from the Endowment Fund and subventions became operative, that 
considerable expansion gradually became possible in volumes of the 
Bulletin, from volumes of about 600 pages to those of 900 pages or 
more; there was similar increase in the size of volumes of the Trans- 
actions. But further, the plan for taking over the American Journal 
of Mathematics, which was rejected by The Johns Hopkins Uni- 
versity in 1899, became acceptable 27 years later. Beginning with 
1927, this Journal has been published under the joint auspices of the 
University and Society, and of the board of five editors three are 
appointed by the Society, which contributes up to $2500 a year for 
the great increase in size of this volume also. During 1927-1937 the 
Society paid $26,000 to The Johns Hopkins University in this 
connection. 

Yet other steps were taken by the Society to bring relief in the 
publication situation. It was largely due to its encouragement and 
cooperation, from 1927 on, that Duke University finally decided in 
1934 to publish the Duke Mathematical Journal, of which the first 
volume appeared in 1935. But the demand for more journal space in 
which to publish research rapidly is more insistent now than in 
1935. 

There are other passages in our history, not without interest, which 
might be described if time permitted; one such would deal with the 
Society’s part in smashing the International Mathematical Union. 
At least we can record that in 1936 at the international gathering in 


1939] HISTORY OF THE SOCIETY 45 


Oslo, untainted by political connections, Professor Eisenhart on be- 
half of the Society tendered an invitation for the International Con- 
gress of Mathematicians to be held in the United States. Prepara- 
tions for this gathering at Harvard University and Massachusetts 
Institute of Technology, September 4-12, 1940, are well advanced. 

I should like to tell you of other activities of the Society, of other 
outstanding personalities and individual achievements connected 
with her upbuilding, of sacrifices, enthusiasms, and visions woven into 
the woof of her garments. Prominent in this company would be two 
groups of officers whose continuity of service was long maintained; 
only three editors-in-chief of the Bulletin from the beginning in 1891 
to March, 1937, namely, Fiske, Cole, and Hedrick; and but three 
secretaries in fifty years, namely, Fiske, Cole, and Richardson. The 
enormous developments of the Society during the eighteen years of 
Professor Richardson’s splendid service have required the appoint- 
ment of four associates. President Woodward well wrote, “Our na- 
tional scientific societies are cooperative enterprises of the most 
complex and difficult character, and in their evolution the secretaries 
must play the leading role... .” 

This address began by pointing out that in mathematical discovery 
America was far behind Europe in the nineteenth century, and that 
mathematical research in this country did not begin with the Society’s 
foundation. An outline of the Society’s development has been indi- 
cated. Speakers who follow me will exhibit mathematical develop- 
ments in the United States during the past fifty years, and will 
doubtless bring out relative mathematical achievements of America 
and Europe, at the present time. 

To all of us, Professor Fiske, it is a source of profound gratification 
that you are chairman at this gathering. Our Founder! The one who 
for a generation was an outstanding leader in directing the Society’s 
affairs. May contemplation of the glorious results of that little meet- 
ing at Thanksgiving time, fifty years ago, often bring to you glowing 
satisfactions—and be as roses for your December days. 


LANTERN SLIDES USED TO ILLUSTRATE THIS ADDRESS 


Thomas Scott Fiske (1865- ), founder, seventh President, 1903-1904. 

John Howard Van Amringe (1835-1915), first President, 1888-1890. 

John Emory McClintock (1840-1916), second President, 1891-1894. 

Frank Nelson Cole (1861-1926), second Secretary, 1895-1920; Editor-in-Chief of the 
3ulletin, Feb. 1899-1920. 

David Eugene Smith (1862- ), fifth Librarian, 1902-1920. 
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The Seventeen Presidents Elected Members of the National Academy of Sciences 


George William Hill (1838-1914), third, 1895-1896. 

Simon Newcomb (1835-1909), fourth, 1897-1898. 

Robert Simpson Woodward (1849-1924), fifth, 1899-1900. 
Eliakim Hastings Moore (1862-1932), sixth, 1901-1902, 
William Fogg Osgood (1864— ), eighth, 1905-1906. 
Henry Seely White (1861- ), ninth, 1907-1908. 
Maxime Bécher (1867-1918), tenth, 1909-1910. 

Edward Burr Van Vleck (1863- ), twelfth, 1913-1914. 
Ernest William Brown (1866-1938), thirteenth, 1915-1916, 


Leonard Eugene Dickson (1874- ), fourteenth, 1917-1918. 


Gilbert Ames Bliss (1876— ), sixteenth, 1921-1922. 
Oswald Veblen (1880- ), seventeenth, 1923-1924. 
George David Birkhoff (1884-— ), eighteenth, 1925-1926. 


Luther Pfahler Eisenhart (1876- ), twenty-first, 1931-1932. 


Arthur Byron Coble (1878- ), twenty-second, 1933-1934. 
Solomon Lefschetz (1884— ), twenty-third, 1935-1936. 
Robert Lee Moore (1882- ), twenty-fourth, 1937-1938. 


BRowN UNIVERSITY 
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THE OCTOBER MEETING IN NEW YORK 


The three hundred fifty-third meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, 
October 29, 1938. The attendance included the following one hun- 
dred thirty-three members of the Society: 


E. B. Allen, C. B. Allendoerfer, R. L. Anderson, R. G. Archibald, Herbert E> 
Arnold, S. F. Barber, M. F. Becker, W. Johnston Berry, E. E. Betz, W. Z. Birnbaum» 
Samuel Borofsky, H. W. Brinkmann, A. A. F. Brown, A. B. Brown, J. H. Bushey» 
Jewell H. Bushey, S. S. Cairns, W. D. Cairns, A. D. Campbell, M. E. Carlen, L. W.- 
Cohen, J. B. Coleman, T. F. Cope, Richard Courant, H. B. Curry, M. D. Darkow, 
Jesse Douglas, Arnold Dresden, W. D. Duthie, J. E. Eaton, H. T. Engstrom, Aaron 
Fialkow, F. A. Ficken, W. B. Fite, D. A. Flanders, Tomlinson Fort, R. M. Foster, 
J. S. Frame, Philip Franklin, K. O. Friedrichs, B. P. Gill, Saul Gorn, A. M. C. Grant, 
W.C. Graustein, M. C. Gray, M. B. Greenebaum, S. L. Greitzer, M. B. Haberzetle, 
D. W. Hall, Marshall Hall, N. A. Hall, Israel Halperin, D. C. Harkin, Philip Hart- 
man, Alan Hazeltine, G. A. Hedlund, E. H. C. Hildebrandt, Einar Hille, Lulu 
Hofmann, T. R. Hollcroft, M. A. Holly, S. A. Joffe, A. W. Jones, B. W. Jones, E. R. 
van Kampen, Edward Kasner, B. F. Kimball, J. R. Kline, L. A. Knowler, B. O. 
Koopman, A. W. Landers, M. K. Landers, Solomon Lefschetz, Marie Litzinger, 
J. C. C. McKinsey, L. A. MacColl, H. F. MacNeish, Dorothy Manning, Walther 
Mayer, Karl Menger, G. R. Mirick, Marston Morse, Tadasi Nakayama, I. M. Niven, 
C. O. Oakley, Oystein Ore, Everett Pitcher, E. L. Post, R. G. Putnam, H. A. Rade- 
macher, M. S. Rees, Moses Richardson, R. G. D. Richardson, J. F. Ritt, M. S. 
Robertson, S. L. Robinson, Benjamin Rosenbaum, S. G. Roth, Arthur Sard, C. H. W. 
Sedgewick, R. W. Sedgewick, Stephan Serghiesco, L. W. Sheridan, Max Shiffman, 
L. G. Simons, James Singer, L. L. Smail, P. A. Smith, N. E. Steenrod, M. H. Stone, 
W.C. Strodt, Alvin Sugar, M. M. Sullivan, J. D. Tamarkin, J. M. Thomas, E. W. 
Titt, J. W. Tukey, Annita Tuller, S. M. Ulam, Oswald Veblen, J. V. Wehausen, 
Louis Weisner, M. E. Wells, A. P. Wheeler, O. L. Wheeler, H. S. White, Norbert 
Wiener, Aurel Wintner, H. P. Wirth, Audrey Wishard, D. W. Woodard, H. N. 
Wright, Leo Zippin. 


A general session was held Saturday morning and another in the 
afternoon. Professor A. D. Campbell and Vice President J. F. Ritt, 
respectively, presided. At the afternoon session, Professor G. A. Hed- 
lund of Bryn Mawr College gave an address entitled The dynamics 
of geodesic flows. 

The Organizing Committee of the International Congress of 
Mathematicians met in the Faculty Club of Columbia University at 
3:45 P.M. 

Titles and cross references to the abstracts of papers read at this 
meeting follow below. Papers numbered 1 to 9 were read at the morn- 
ing session and those numbered 10 to 12 at the afternoon session. 
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Papers numbered 13 to 30, whose abstract numbers are followed by 
the letter ¢, were read by title. Professor G. H. Peebles was intro- 
duced by Professor Dunham Jackson. 

1. Marshall Hall: A type of algebraic closure. (Abstract 44-9-342.) 

2. Dorothy Manning: On simply transitive groups with transitive 
abelian subgroups of the same degree. III. (Abstract 44-9-398.) 

3. L. A. MacColl: Differential-geometric aspects of relativistic dy- 
namics. (Abstract 44-9-397.) 

4. H.W. Brinkmann: Relations between zeta-functions of different 
algebraic fields. (Abstract 44-11-406.) 

5. Tomlinson Fort: The Euler-Maclaurin summation formula. (Ab- 
stract 44-11-410.) 

6. Richard Courant: New remarks on Plateau’s problem. (Abstract 
44-11-408.) 

7. T. R. Hollcroft: Curve systems with distinct nodes and cusps and 
of negative virtual dimension. (Abstract 44-11-412.) 

8. F. A. Ficken: The Riemannian and affine differential geometry 
of product-spaces. (Abstract 44-11-409.) 

9. M.S. Robertson: On certain power series having infinitely many 
zero coefficients. (Abstract 44-11-461.) 

10. Jesse Douglas: Minimal surfaces of higher topological structure. 
II. (Abstract 44-11-458.) 

11. Karl Menger: On non-euclidean and affine geometry. (Abstract 
44-11-459.) 

12. S. M. Ulam: On the distribution of a general measure in any com- 
plete metric separable space. (Abstract 44-11-462.) 

13. Leonard Bristow: Expansion of functions in solutions of func- 
tional equations. (Abstract 44-11-457-1.) 

14. Richard Courant: Conformal mapping of non-orientable sur- 
faces on plane domatns. (Abstract 44-11-407-t.) 

15. Jesse Douglas: A Jordan space-curve having the infinite area 
property at each of its points. (Abstract 44-9-388-t.) 

16. Jesse Douglas: The problem of Plateau. (Abstract 44-9-389-t.) 

17. Jesse Douglas: Geometry of polygons in the complex plane. (Ab- 
stract 44-9-390-1.) 

18. W. D. Duthie: Pseudo-valuation for Boolean rings. (Abstract 
44-9-391-1.) 

19. D. W. Hall and A. D. Wallace: Some invariants under mono- 
tone transformations. (Abstract 44-11-411-2.) 

20. Edward Kasner and J. J. DeCicco: Conformal geometry of horn 
angles of second order contact. (Abstract 44-9-392-t.) 
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21. K. W. Lamson: Linear families of linear S.-complexes in Ss. 
(Abstract 44-9- 394-t.) 

22. A. N. Lowan: Ou Green’s functions in the theory of heat conduc- 
tion in spherical coordinates. (Abstract 44-11-413-t.) 

23. A. N. Lowan: On the computation of certain infinite series. (Ab- 
stract 44-9-395-t.) 

24. A. N. Lowan: On the computation of the second difference of the 
Si(x), Ci(x), and Ei(x) functions. (Abstract 44-11-414-2.) 

25. A. N. Lowan: On wave motion for subinfinite domains. (Ab- 
stract 44-9-396-t.) 

26. J. D. Mancill: Problems of the calculus of variations with pre- 
scribed transversality conditions. (Abstract 44-11-415-t.) 

27. G. H. Peebles: Some generalizations of the theory of orthogonal 
polynomials. (Abstract 44-11-460-2.) 

28. J. A. Shohat: On the generalized orthogonal polynomials. (Ab- 
stract 44-11-416-2.) 

29. Louis Weisner: A characteristic property of completely decompos- 
able groups. (Abstract 44-11-417-1.) 

30. Louis Weisner: Condition that a finite group be multiply tso- 
morphic with each of its irreducible representations. (Abstract 44-9- 
403-2.) 

T. R. HoLicrort, 
Associate Secretary 


50 AMERICAN MATHEMATICAL SOCIETY [January 


THE SEMICENTENNIAL VOLUMES 


A Semicentennial History of the American Mathematical Society, 1888-1938. By 
Raymond Clare Archibald. (American Mathematical Society Semicentennial Pub- 
lications, vol. 1.) New York, American Mathematical Society, 1938. 124-262 pp. 


Professor Archibald’s book is in large part a compendium of facts about the 
American Mathematical Society and its officers. It is more a reference book than the 
story of the Society. The latter aspect is presented by his lecture published elsewhere 
in this Bulletin. Biographies and bibliographies of the presidents and secretaries fill 
one hundred forty-six pages of the two hundred sixty-two total. There are pictures 
of the presidents, the secretaries, and one of the librarians. To the reviewer it is 
this portion of the book which is most interesting and most valued. Almost every 
American mathematician has fallen at some time directly under the influence of 
one or more of our presidents; and their pictures, the brief facts of their lives with 
the record of their publications, will be prized by each of us. Indeed, to anyone who 
has been an attendant at many meetings all the more recent officers are friends, and 
we are indebted to Professor Archibald for this record of them. The bibliographies 
will be especially useful. Scripta Mathematica has published lists of the writings of 
some of the younger mathematicians. Taken jointly with the present bibliographies, 
these give us an interesting and useful index to an important part of American mathe- 
matical literature. 

The first ninety-eight pages of the book are as follows. Twenty pages at the begin- 
ning can be described as the story of the Society. This story is not unlike the lecture 
which Professor Archibald delivered in New York. There are more details, the ar- 
rangement is different, and some things in the New York lecture are located in other 
portions of the volume. There are twenty-one pages in the chapter headed Financial 
Affairs, Special Funds. How important finances have ever been! Publication is a 
major function of the Society and an expensive one. It is well to appreciate the dis- 
interested service of those who have struggled with this problem. There are in this 
chapter, too, detailed figures for those who want to understand our finances in some 
detail. Chapters follow on The Bulletin, The Transactions, The Colloquium Lectures 
and Publications, The Chicago Group, Annual Meetings, Summer Meetings, The 
Josiah Willard Gibbs Lectureship, The Library. In this last chapter there is a picture 
of David Eugene Smith. It is to be regretted that there is not also a picture of the 
present librarian. 

The volume as a whole is an interesting account of stirring achievement. As a 
compendium of facts it will undoubtedly be widely used; as an album of American 
mathematicians it will be treasured. 

TOMLINSON ForT 


Semicentennial Addresses. (American Mathematical Society Semicentennial Publica- 
tions, vol. 2.) New York, American Mathematical Society, 1938. 6+315 pp. 

The addresses contained in this volume were written, for the most part, for oral 
delivery at the recent Semicentennial Celebration of the Society. Taken out of the 
surroundings in which they were intended to function they have the character of 
photographs which, although deprived of the colors of the original, give nevertheless 
important and useful information concerning the scenes they depict. A detailed and 
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critical account of the papers in this volume is therefore out of place; it is, moreover, 
beyond the competence of the present reviewer. 

For the information of the readers of this Bulletin, it should be recorded that the 
book contains eight papers which aim to present a conspectus of the contributions 
made on the American continent to various special fields of mathematics during the 
fifty years since the founding of the Society, followed by a general review of American 
activity in mathematical research during this period. Fortunately the authors have 
recognized that such a survey cannot leave out of consideration the work done in other 
parts of the world; the papers bear testimony to the fact that national boundaries 
cannot be made to circumscribe the field of mathematical research. These papers were 
written by men who have taken and are still taking an active part in the developments 
with which they deal; the average of their ages is considerably less than that of the 
Society. 

In the order of their appearance in the volume the nine papers are the following: 
E. T. Bell, Fifty years of algebra in America, 1888 to 1938, pp. 1-34; J. F. Ritt, 
Algebraic aspects of the theory of differential equations, pp. 35-55; Norbert Wiener, 
The historical background of harmonic analysis, pp. 56-68; E. J. McShane, Recent 
developments in the calculus of variations, pp. 69-97; T. Y. Thomas, Recent trends in 
geometry, pp. 98-135; R. L. Wilder, The sphere in topology, pp. 136-184; G. C. Evans, 
Dirichlet problems, pp. 185-226; J. L. Synge, Hydrodynamical stability, pp. 227-269; 
G. D. Birkhoff, Fifty years of American mathematics, pp. 270-315. 

There may be disagreement as to the extent to which the different chapters suc- 
ceed in accomplishing their aim. Emphasis is bound to be determined to a large extent 
by personal preferences and points of view. The specialists in each separate field will 
find much to please them, even though the approval may not be unqualified. The 
chapter devoted to the calculus of variations, for instance, solves admirably the diffi- 
cult problem of selection and stress. Besides giving a clear statement of what has been 
attained during the last quarter century, it indicates unsolved problems and unex- 
plored regions, thus preparing the ground for future work. This feature, which re- 
ceives more or less emphasis throughout the different chapters, gives the volume im- 
portance beyond its value as an account of past accomplishments. It raises the hope 
that when the record of the next half century in the history of the American Mathe- 
matical Society is written there will be at least as imposing a justification for con- 
gratulatory retrospect as the present document provides for the first fifty years. 


ARNOLD DRESDEN 
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NEVANLINNA ON ANALYTIC FUNCTIONS 


Eindeutige analytische Funktionen. By R. Nevanlinna. (Grundiehren der mathe- 
matischen Wissenschaften, vol. 46.) Berlin, Springer, 1936. 6+-353 pp. 

The list of contents is as follows: Introduction. 1. Conformal mapping of simply 
or multiply connected domains. 2. Solution of Dirichlet’s problem for a smooth 
domain. 3. The principle of the harmonic measure and its applications. 4. Relations 
between euclidean and non-euclidean determinations of measure. 5. Point sets of 
harmonic measure zero. 6. The first fundamental theorem in the theory of mero- 
morphic functions. 7. Functions of bounded type. 8. Meromorphic functions of finite 
order. 9. The second fundamental theorem in the theory of meromorphic functions. 
10. Applications of the second fundamental theorem. 11. The Riemann surface of 
univalent functions. 12. The type of a Riemann surface. 13. Ahlfors’ theory of cover- 
ing surfaces. Literature. Index. 

The theory of functions of a complex variable is largely the creation of the nine- 
teenth century. At the turn of the century the attention of the analysts was diverted 
into other channels. Integral equations and especially the theory of integration were 
new fields which promised heavy returns and attracted most of the budding analysts. 
The Scandinavians, however, with their usual ability to absorb and develop new ideas 
without sacrificing what is valuable in the old ones, remained faithful to their older 
allegiance. In Helsingfors, in particular, the able leadership of E. Lindeléf created a 
school of analysts which is nowadays leading in the field of complex function theory. 
kt. Nevanlinna is one of the most brilliant exponents of this school, and the present 
treatise gives an account essentially of their work in which he has taken such a promi- 
nent part. 

The central question in the work of this school is the value distribution problem 
for functions meromorphic in a domain. The geometrical aspect of this problem is the 
question of the structure of certain classes of Riemann surfaces. As basic tools in 
the study of the problem figure the theory of harmonic functions and various non- 
euclidean notions of measure, in particular, harmonic and hyperbolic measures. All 
material in the book is grouped around these ideas and their interrelations. It is 
impossible for me to give an adequate account of this excellent book within reasonable 
compass, but some remarks concerning the main questions will perhaps induce some 
of my readers to read the book itself. 

Let us start with the value distribution problem. It is supposed that w=f(z) is 
single-valued and analytic save for poles in the domain D: |z| <RS «. What can 
be said concerning the distribution of the values of this function in D? What values 
are actually taken on, which values are omitted, and which are approached as the 
variable z tends towards the boundary of D? Let us represent the values of w by 
stereographic projection upon a sphere of radius 1/2. Then w=f(z) maps the region 
{2 <r<R on a Riemann surface F, on the sphere. Let the area of F, be 7A(r). 
Then A(r) measures the number of times that F, covers the sphere and may be called 
the average number of sheets of F,; it is intimately connected with the value distribu- 
tion problem. Let n(r, a) be the number of roots of the equation f(z) =a for |z| <r, 
each root being counted with its proper multiplicity. If A(r)—> © as rR, one might 
be led to suspect that n(r, a) ~A (r) for almost all a. This is true for sufficiently simple 
functions f(z), but in general the functions A(r) and n(r, a) are too irregular for the 
validity of such asymptotic relations. This difficulty can be eliminated, however, by a 
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suitable integration process which smoothes out the irregularities. This process leads 
to the interesting equality 
(1) T(r) = f AQ- = N(r, a) 4+- m(r, a). 
0 


This is Nevanlinna’s first fundamental theorem in the form due to Shimizu and 
Ahlfors. Here T(r) is his characteristic function, and 


dt 
(2) N(r, a) = f [n(t, a) — n(0, a)] 4 + n(0, a) log r, 
0 
1 2r 
(3) m(r, a) = — log x[f(re'), a]d0 — log x[f(0), a], 
2r Jo 


where x[w, a] is the reciprocal of the chordal distance between the points w and a 
on the sphere. The enumerative function N(r, a) measures the number of times that 
f(z) actually becomes equal to a@ for | 2| <r, whereas the osculating function 
(Schmiegungsfunktion) m(r, a) measures the rate of approach of f(z) to the value a 
as | 2| —R. Equation (1) states that f(z) has the same affinity to all values if properly 
measured. This statement becomes somewhat illusory if T(r) remains bounded. This 
situation arises if and only if R< ~ and f(z) is the quotient of two functions bounded 
in | 2| <R. Nevanlinna says that such a function is of bounded type (beschrianktartig). 

Suppose now that T(r)— ~ as r—R. Since the integral of m(r, a) over any measur- 
able set of a-values on the sphere stays bounded as r—R, we conclude that 
T(r)~N(r, a) for almost all values of a. Thus the frequency is approximately the 
same for almost all a. This result replaces the hypothetical relation A(r)~n(r, a) 
which it yields upon formal differentiation. 

More precise information is given by the second fundamental theorem, which 
takes the form of the inequality 


(4) > m(r, ay) < 2T(r) — Nir) + S(r). 

Here g>2 and N,(r) is an enumerative function of the same type as N(r, a), obtained 
by replacing n(r, a) in (2) by m(r), the number of multiple values of f(z) in | 2| Sr, 
each k-tuple value being counted k—1 times only. Finally S(r) is a remainder which 
usually is O(log r) if R= © and O{|log (R—1)| } if R< @. 

Formula (4) leads to the defect and ramification relations. Let Ni(r, a) be ob- 
tained by replacing n(r, a) in (2) by m(r, a), the number of multiple roots of the 
equation f(z) =a, each k-fold root being counted k—1 times, and put N(r, a) = N(r, a) 
—N,(r, a). Nevanlinna makes the following definitions: 

(5)  6(a) = lim inf ———, O(a) = lim inf O(a) = 1 —limsup———, 

rR T(r) T(r) T(r) 
where 6(a) is known as the defect of a, while 6(a) and O(a) are known as the algebraic 
and the total ramification index, respectively. For every a, 6(a)-+6(a) $ O(a) S1. For- 
mula (4) now gives the fundamental relations* 


(6) 4a) + O(a) <2, 


where the summation extends over all values of a. The formula shows that 6(a@) and 
6(a) can be different from zero for at most a denumerable set of values a. 

The formula contains a number of important special theorems. The defect 4(a) 
has its maximal value 1 if N(r, a) =o[T(r) ], in particular, if f(z) a for all z. Formula 


* If R< ©, it is supposed that log (R—r)/T(r)-0 when rR. 
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(6) shows that there are at most two such values unless f(z) is a.constant. This is 
Picard’s theorem. A value a is said to be completely ramified if the equation f(z) =a 
has only multiple roots. For such a value O(a) 21/2, so there can be at most four 
such values. For the Weierstrass p-function the values é:, é2, és, and © are completely 
ramified, so the theorem is the best possible of its kind. This theorem also leads to a 
new proof of another classical theorem due to Picard, according to which an algebraic 
relation of genus greater than one cannot be uniformized by functions meromorphic 
for |z| < 

Nevanlinna’s fundamental theorems are metric statements concerning the struc- 
ture of certain Riemann surfaces. The defect relation raises the problem of the exist- 
ence of meromorphic functions having preassigned defects at preassigned points. If 
the points are finite in number and the defects are taken as rational numbers having 
the sum 2, the problem has been completely solved by Nevanlinna. It is enough to 
construct a Riemann surface having a suitable number of logarithmic branch points 
over each of the preassigned points. The corresponding mapping function w=f(z) is 
characterized by the fact that its Schwarzian derivative is a polynomial in z, and vice 
versa. 

It is known that a simply connected Riemann surface can be mapped in a one- 
to-one and conformal (except for possible interior branch points of finite order) man- 
ner upon one of the following domains: (i) the whole plane, (ii) the punctured plane, 
(iii) the interior of the unit circle. The surface is said to be of the elliptic, parabolic, 
or hyperbolic type according as (i), (ii), or (iii) holds. The elliptic case is elementary, 
but it is not an easy matter to tell from a description of the structure of the surface 
whether the parabolic or the hyperbolic case holds. The frequency of the branch 
points seems to be the decisive factor. The reader will find some results in this connec- 
tion in Chapter 12 of the treatise under review. 

The geometric side of the theory has been put upon a very general basis through 
the brilliant investigations of Ahlfors on covering surfaces. On the basic surface Fo, 
which may be closed or have a boundary, he supposes the existence of a finite tri- 
angulation and of a metric satisfying certain mild restrictions. A covering surface F* 
of Fy having infinitely many sheets is supposed to be generated by a process of regular 
exhaustion frem a sequence of finite covering surfaces F;. The boundary of F; rela- 
tive to Fy is taken to be rectifiable in the metric and of length Lx. If S; is the average 
number of sheets of F;, that is, the ratio between the area of F; and that of Fo, then 
L/S, should tend to zero with 1/k. Let D be an arbitrary domain on Fo. That part 
of F; which lies above D consists of a certain number of connected pieces which are 
of two types. Those which are unbounded relative to D are referred to as islands, 
whereas the remaining pieces will be called peninsulas (Zungen, in Nevanlinna’s 
terminology). Let S,(D) be the average number of sheets of F; above D, let ,(D) 
be the number of sheets which belong to islands above D, and put S;(D) =n,(D) 
+m;,(D). Then the first fundamental theorem has the following analogue. There exists 
a constant h(D), depending upon D only, such that 


(7) + m(D) = Sit mele, | < h(D), 


for every k.f 

For the second fundamental theorem we suppose in addition that Fo is a closed 
surface of genus zero, which we can take to be the sphere, and that the open covering 
surface F* is simply connected. Consider g>2 disjoint domains D; on Fo. Let the 
simple multiplicity of an island be defined as the negative of its Euler characteristic, 
and let p:(D;) be the sum of the simple multiplicities of the islands of F, above Dj. 


t Formula (A) on p. 332 seems to be faulty. 
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Then there exists a constant h, depending only upon Dy, - - - , Dg, such that 


(8) (q — — ALe S pe(Dj) S + hLe. 

j=l 
This inequality corresponds to the second fundamental theorem and gives rise to 
corresponding defect and ramification relations. Let nz,:(D) denote the sum of the 
orders of the branch points of F; above D, and put 


m(D) ._, 
6(D) = li 
(D) im inf 


These are the defect and the ramification index respectively of D with respect to the 
covering surface F*. We have the basic relation 


(9) 5(D) = lim inf 


(10) +.0(D)] <2. 
j=l 


From this relation we can draw conclusions which are obvious analogues of the 
theorems quoted above. Thus, for instance, a regularly exhaustible, simply connected 
covering surface of the sphere covers every point of the sphere with at most two 
exceptions. There can be at most four disjoint domains in each of which every sheet 
of F* has a branch point. These theorems apply in particular to the case in which F* 
is the conformal map of the interior of the circle |z| <R< » by a meromorphic func- 
tion w=f(z). If R= « the surface is always regularly exhaustible, and if R< = it is 
sufficient that lim sup (R—r) A(r) =. The resulting theorems complete those of 
Nevanlinna in an interesting manner. 

It remains to say a few words about the basic notion in the first part of the book, 
that of harmonic measure. Let D be a domain in the complex plane, B its boundary, 
and B=a+8 a disjunction of B. For sufficiently simple domains D and boundary 
sets a there exists a uniquely determined function w(z, a, D) which is bounded and 
harmonic in D and takes on the value 1 on a and 0 on 8. This function is referred 
to as the harmonic measure of the set a with respect to the domain D at the point z. 
If D is mapped conformally in a one-to-one manner upon D* so that z goes into 2* 
and @ into a*, then w(z, a, D) =w(z*, a*, D*). But if the correspondence is merely 
analytic without being one-to-one, the harmonic measure is increased, or at least 
never decreased. This principle of the harmonic measure turns out to be a very fertile 
source of important inequalities. Another such source is Carleman’s principle of ex- 
tension: if D is extended across 8, then the harmonic measure increases. From these 
principles the author derives the well known theorems of Phragmén-Lindeléf, Landau, 
and Schottky, further, the deformation theorems of Koebe and of Ahifors, to mention 
only a few examples. 

In closing this review permit me to point out some problems in modern function 
theory to which the Helsingfors school has made important contributions, but which 
have been omitted in Nevanlinna’s book. One would have liked to have seen a dis- 
cussion of functions meromorphic in other domains than the interior of a circle or the 
punctured plane. The case of a half plane occurs often in practice. While this case 
can be reduced to that of a circle by conformal mapping, this method does not yield 
the most convenient formulas. The original memoirs of F. Nevanlinna and R. 
Nevanlinna being not easily accessible, the inclusion of this material would have 
been of great service to the mathematical public. One also misses a discussion of 
theorems of the Blaschke or Carlson types with their many generalizations. A synop- 
sis of the present day stand of this question would have found its natural place in the 
book under review. HILte 
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FRECHET ON THE CALCULUS OF PROBABILITY 
Méthode des Fonctions Arltiratres. Théorte dé Evénements en Chatne dans le Cas d’un 
Nombre Fini d’Etats Possibles. (Traité du Calcul d Probabilités et de ses 
\pplications, vol. 1, no. 3.) By Maurice Fréchet. Paris, Gauthier-Villars, 1938 
[his is the second book of vol. 1, no. 3, of the Borel series on the calculus of prob- 
lity and its applications, this divi being entitled Recherches thécriques moderne 
ur la théorie de brobabilités. The f book w reviewed in the Septer ber, 1937, 
sue of this Bulletin (pp. 602-603 
Ve may say that two general cases are discu in this book. First, in a brief 
~hapter, Poincaré’s method of arbitrary functions is taken up. In this the distribution 
of pI bability depends on a parameter n, which, however arbitrarily distributed ini- 
tially, has a limiting distribution n— 2. This he illustrates with the roulette of 
er | numbers m of red and black divisions, red o1 f length R, black ones of lengt! 
N. Whereas the older hypotheses of probability umed the probability of a red di 
\ n stopping before the pointer to be R/(R+N), under integrabili umptior 
on the Gti bution function of rotation it is pre i that R/(R+N) is the limit of 
hat probability the number of din ns ? pr hes infinity. In this chapter is 
Iso giv Hostinsky’s interesting illustration of ther nit f chance in connection 
with the geometrical interpretation of the mecl cs ( die throv 
Th ond and major treatment consists in determinit hen and in what man 
er th rgodic principle is fulfilled in the case of nts in a chain with a finite 
number r of possible states E;. Define P,; to the probability that a system ir 
state E, will arrive at or be in state E the nth trial. Then the ergodic or “regular- 
ization” principle states in this case that lim,., P,? = Px, independent of the initial 
St 
In the regular case (Hadamard) each P,; has such imit Py as n—, Then the 
ne ry and sufficient condition that >.” ,{PS)—P,] be dominated by a conver- 
gent geometric progression is that for so1 1a row of the matrix D“™ Pi, || be all 
positive. In the posttive regular ¢ there exists some n for which all the elements of 
the matrix are positive. That is, there is positive probability of passing from one arbi- 
trary state of the system to any other arbitrary state with sufficiently large number 
of t Fréchet hows that the “mélange des urnes” problem comes under the positive 
re +} it 1s the nrol Lilie. of il ] CO sting? 3a roaches independ- 
ice of the initial composition with larger number of operations. Following this are 
derived necessary and sufficient conditions that the most regular case obtain, that the 
limit of the Pi? be a constant P, independent of both hk and k. The new case thus 
introdt find illustration in the cutting of a deck of cards, in which all the sl! 
‘states” or “ranks” are reintroduced, but perhaps in a different order. (An example 
of rfect shuffling and its effect upon the P’s is given by halving the deck and 
fling each half, then rejoining; the limits of Pz, all exist but are not equal for 
b k’ in the same half and again in different halves.) From the single card viewpoint 
the probability of its going to a specified position approaches 1/r, the reciprocal of 
the number of cards; when the permutation of the cards is taken as the state, the prob- 
Yr hes 1/r!. Under the 1 tion that >." ,P® =1 is not satisfied, the 
+ ef + prove +he P of uni l ne +} iter +; n equa 
tions which must be the Px, 
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(k=0, 1,--+, 7), above. Applying the results to the mélange des urnes problem 
the author obtains the result that the probability that at the end of ” operations the 
first urn shall have k white balls tends, as m increases, to that of drawing from the 
mixture of the two urns’ contents a number of balls equal to that of the first urn with 
exactly k white ones included. 

If the initial state of a system is supposed to bea result of chance, then each mem- 
ber is subject to a law of initial probability w, taking values w,--- , w,, say. Then 


w,” =)_4.1P); on is the probability of arriving at the state E; in 7 trials, the initial 
state subject to chance. In the regular case the w,” tend toward law-limits which are 


the P; limits aforementioned. They are called stable laws of initial probability. Then 

the necessary and sufficient condition that the inverse probability in chain, g;’, be 

of n is that the law of initial probability be positively stable. On inverse 


ilities the author gives recent results of Mihoc, Hostinsky, Kolmogoroff, 


independent 


chain probs 


I with certain additions. In case sequences of trials are consid- 


sernstein 


ted in both directions, then the concept of initial probability is replaced 
by that of absolute prob ibility. 

In the regular case the mean value of an aleatory variable in chain tends to a 
limit, as 7 increases, independent of its initial value. Mean frequency is also discussed 
from the notion of the aleatory variable. The Markoff discussion of the dispersion 


of the arithmetic mean of an aleatory variable with some discussion of special cases, 


in particular the conditions in the regular case under which o =0, is given. The choice 


regular case, is quite fitting since the usual situations associated with 


y come under that category. 

At this stage the author, having finished an exposition of Markoff’s results and 
thods with certain supplements, proceeds wi od developed by Poincaré- 
Ror ky, to obtain mor neral it is the study of P? ex- 

pr asa function of n, f 
ybabilities in chain wa} > in the arithmetic mean, 
limits by infinitesin the order of 1/n. That the P;’ be con- 
rdinary s it is ne and sufficient that each root of A(s)=0 


5) =( ple and not zero, an explicit expres- 
;a function of 2 can be written. Let iD bas be the arithmetic mean of 
nd [],,=lim,..] [. T the semiregular 
(when the M =)> 


n the vth moments o 


‘; are all equal) are at most of order n. 


, within it is zero. 


the corresponding conditions one of the results is, for example, 
se prevails if and only if the table D“™ is indecomposable for every 


ded into final groupings and 


> of a final grouping, there is zero probability 


> that grouping. These in turn can be distributed 


in cyclic subgroupings, to which various theorems apply. We say that Ex is a con- 
sequent of order of state E; if P;;’ 40. Thus in order that the set of possible states G 
be indecompos it is necessary and sufficient that every pair of states be conse- 


xiven the method of direct construction of indecompos- 


quents of each ot! 


from the complete set of possible states as indicated by Kolmogoroff 


able grou; 
and Doeblin 

The last section of the book, comprising fifty-four pages, is devoted to generalizing 
basis P;” of an enumerable set of trials to P,x(s, £) consisting of a set of trials 


continuous with time. Here P;:(s, ¢) is the probability that a system in the state Ey 


57 
of modulus 1 be 1. Here A(s) is the characteristic equation of the determinant of the 
pix. 
sion for th | gg 
P 

fi? fi 

ileatory variable 

[he matrix D™ is said to be decomposable when a matric arra \ 

From examination of 
the positive regular ca 
positive integer n. The set of possible states can be divi 
of going from that state to one outsid 
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at the time s will be in the state E; at time ¢. Equations and conditions on the new 
functions analogous to those of Kolmogoroff on the enumerable set are introduced. 
More generally, the P;:(s, t) are replaced by functions ¢;x(s, t) not necessarily inter- 
pretable as probabilities, and methods of solving and solutions of the functional equa- 
tion ¢x(s, t) G(s, u)piz(u, are studied. The four methods given are by 
Kolmogoroff, Hostinsky, and the author. In one case the solutions are expressed as 
series of multiple integrals of increasing order, in finite terms in another. 

Four notes appended to the text explain and amplify some of the basic algebra 
involved. Specifically, they concern systems of linear equations in finite differences of 
the first order with constant coefficients. 

The number of typographical errors is not annoyingly large, though they will be 
encountered occasionally, usually in the form of wrong subscripts. A few interchanges 
of capital and small letters of defined symbols and a couple of wrong references to 
equations complete the observed list of errors. 

In conclusion, the book is an effective summary and extension of recent contribu- 
tions to the theory of probability of events in simple chain and of a finite number of 
possible states. The author’s style of writing and presentation are very clear and in- 
teresting, but his prefatory statement that “since he wishes thesbook to be read also 
by those interested in probability but who are not professional mathematicians, at- 
tention to detail is sometimes sacrificed” is a true indication that the reader is apt to 
encounter difficulty as he attempts to verify many of the statements. However, the 
reader will find a wealth of reference material at the end of the book. 


J. A. GREENWooD 
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SHORTER NOTICES 


Sur les Espaces 4 Structure Uniforme et sur la Topologie Générale. By André Weil. 
Paris, Hermann, 1937. 39 pp. 


A space E with uniform structure is a topological space restricted as follows. 
There exists on E a system of neighborhoods V,(p), one for each point p of E and 
each a in a nonvacuous set of values. Four conditions are fulfilled: (1) For every 
(p, a), pis on Va(p). (2) For any g) distinct in E, there exists an such that g 
is not on V,(p). (3) For any two indices (a, 8), there exists an index y such that, for 
every p, V,(p) is on the common part of Va(p) and Vg(p). (4) For every a there is a 
B such that if (p, g) are both on Vg(r), then g is on V,(p). The author of the book 
formulates these conditions as three axioms, combining (1) and (2). Any system 
VX (p) determines the same uniform structure in E provided each V,(p) contains a 
Vx (p) and vice versa. The spaces with uniform structure are those in which uniform 
continuity has meaning. They are completely regular and they include all metric 
spaces and all topologic groups, whether metrisable or not. The article under con- 
sideration contains proofs for uniform spaces of a number of results previously 
established only with the aid of a metric. The source of these results is seen to inhere 
in the possibility of certain comparisons of neighborhoods in different parts of a 
uniform space. The work includes an extension theorem for uniformly continuous 
functions, a discussion of compact and locally compact spaces with regard to their 
uniform structure, and a number of group theoretic applications. There is also, at 
the start, a severe criticism of the role often played by the hypothesis that a space be 
separable. The author characterizes this hypothesis as an evil parasite which infests 
many works, lessening their scope and their clarity. The book terminates with a few 
interesting “observations on topologic axioms,” in which an attempt is made to 
distinguish between those axioms having only a historic interest and those truly 
important in the development of topology. 

S. S. Cairns 


Introduction Mathématique aux Théories Quantiques. Part 2. By Gaston Julia. 
(Cahiers Scientifiques, vol. 19.) Paris, Gauthier-Villars, 1938. 6+220 pp. 


The present volume is the second of a series in which Julia develops the theory 
of unitary spaces and Hilbert space. It is based on a sequence of lectures begun in 
1935. After dealing with unitary spaces in his first volume, Julia turns here to the 
study of Hilbert space. He divides the discussion into five chapters, as follows: 
Section I. Hilbert space: Chapter 1, Vectorial analytic representation of Hilbert 
space. Geometrical study. Chapter 2, Functional analytic representation of Hilbert 
space. Chapter 3, Axiomatic study of Hilbert space. Axiomatic definition of Hilbert 
space. Section II. Linear transformations or operators in Hilbert space: Chapter 4, 
Linear operators. General properties. Representation and algebraic calculus of oper- 
ators. Chapter 5, Inversion of bounded linear operators. Resolution of infinite 
systems of linear equations in Hilbert space. 

The separate study of the spaces Ho and % on their own merits in the first two 
chapters is followed by the unification of their properties under the abstract or 
axiomatic point of view in the third chapter. The fundamental definitions and 
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theorems of the theory of operators, including their reduction by linear manifolds, 
are found in Chapter 4. The fifth and last chapter deals with the problem of finding 
the inverses, if any, of a bounded linear operator A—that is, the operators X such 
that XA or AX is the identity. In both Chapters 4 and 5 special attention is de- 
voted to examining the relations between operators, matrices, and infinite systems of 
linear equations. According to the author’s preface, the spectral theory for bounded 
operators will be reached in the succeeding volume. 

The topics included in the book are presented from a purely mathematical point 
of view in a clear and lively style. The applications to the theory of matrices and 
equations, which are largely implicit in certain of the more abstract treatments, are 
elaborated here with a wealth of detail which renders them unusually accessible to 
the student. The author’s approach to the modern theory of operators is obviously a 
cautious one, presumably because of his desire to keep the reader on ground which 
shall appear as nearly familiar as possible at every stage. In the absence of any 
indication of the methods which Professor Julia proposes to use in the treatment 
of the spectral theory or of unbounded operators, the reviewer cannot judge whether 
such caution is excessive or not. Nevertheless, there would be obvious and important 
advantages in a more rapid approach to these central topics, beyond which lie the 
really difficult parts of operator-theory. 

The reviewer has noted very few misprints. On page 72, lines 11-14, < should be 
replaced by <; and on page 115, line 11, < by S. The attribution to A. Weil of 
the theorem stated and proved on pages 23-25 is incorrect; in the cases of Ho and &% 
the theorem has long been known; in the abstract form it is a special case of a theorem 
of Banach (Théorie des Opérations Linéaires, page 80, Theorem 5); and the proof 
given here is essentially that published by von Neumann in Mathematische Annalen 
vol. 102 (1929), page 380, footnote. 

M. H. Stone 


Nouveaux Fléments d’Analyse. Calcul Infinitésimal. Géométrie. Physique Théorique. 
Vol. 2: Variables Complexes. By A. Buhl. Paris, Gauthier-Villars, 1938. 214 pp. 
This book is an ably written volume with a view towards a synthesis of the fields 

indicated. The main purpose of the work is to give young minds not possessed of an 

extensive mathematical knowledge a quick access to certain higher fields. Throughout 
the book pertinent references to significant papers and books are given, thus enabling 
the reader to study in greater detail any field in which he may become interested, 


hapter 1 the author points out the importance of the equation ¢(ax) =b¢(x) 


el) for the consideration of periodic, analytic, and nonanalytic functions. 


phasis is placed on the fact that it is possible to pass from the simplest cyclic 


functions to periodic functions. Certain quantitative generalizations of cyclic func- 
tions are given, together with the indication that generalizations of such type for the 
sim t Schrédinger equations lead to the study of quantitative configurations of 


the atom. The author then introduces analytic functions and indicates that trigo- 
nometric series may be connected in a profound manner with analytic considerations. 
The chapter concludes with the study of Abel’s functional equation, Julia’s iterations 
of rational fractions, automorphic functions (Henri Poincaré), and the homographic 
group. Among the problems reference is made to the Gibbs phenomenon. 

In Chapter 2 the point of view is mainly that involved in the treatises of Picard 
and Goursat. An analytic function is defined by the property that (under suitable 
conditions) its integral along an arc AB depends only on the extremities A, B. 
The author states that a definition of such type is in harmony with modern science; 


> 
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that it leads also, for example, to the equations of Monge-Ampiére, and to the electro- 
magnetic equations of Maxwell. It is also indicated that monogeneity comprises 
analyticity and quasi-analyticity. The present reviewer would add that on the basis 
of his own work (see his recent paper in the Annales de I’Ecole Normale Supérieure, 
as well as a forthcoming memoir in the Acta Mathematica) it can be asserted that 
monogeneity comprises a considerable number of other significant notions as well. 
The author touches upon the Cauchy point of view regarding analytic functions, the 
Cauchy-Riemann differential relations, and the total differential of Stolz-Fréchet; 
he further considers Laplace equations and their connection with some problems of 
mathematical physics. The chapter concludes with a discussion of conformal map- 
ping. Among the problems of this chapter reference is made to the notion of the areal 
derivative (Pompeiu), together with appropriate representations (involving such 
derivatives) of functions with the aid of certain integral formulas. In this field im- 
‘ portant contributions have been made by Pompeiu, Montel, and Evans. 

In Chapter 3 the author discusses uniform convergence, analytic continuation, 
entire functions, Liouville’s theorem (together with certain modern ideas), the 
calculus of residues (with an application to the geometry of conics), meromorphic 
functions, and nonuniform integrals of the first kind. 

In Chapter 4 the apparently overlooked importance of the Mittag-Leffler function 
E,{x) is pointed out. This function is studied in some detail. On page 121 an im- 
portant Mittag-Leffler expansion involving E,(x) is formulated. The notion of 
quasi-analyticity is discussed very briefly. Finally, the points of view of Cauchy, 
Weierstrass, and Riemann are compared, and the author points out that the first 
point of view is apparently more general than the second (this may be substantiated 
by Borel’s book of 1917, as well as by the contributions of the present reviewer as 
cited above). 

Chapter 5 is dominated by the ideas of Darboux and Appell. Elliptic functions 
are treated as functional invariants of the homographic group (one variable). The 
author then comes to the projective treatment of angles and to the geometry of 
Cayley. Reasons are given for considering electromagnetism as a geometry (Barbarin 
and Buhl). Cubics are considered under homographic transformations, as well as 
their uniformization (Poincaré). The author then touches upon “projective universes” 
(Cartan, 1937) and indicates that certain fundamental fields in physics depend 
initially on projective considerations. 

In Chapter 6 the methods of summation of Cesiro, Mittag-Leffler, and Borel 
are discussed. The author establishes the fact that the study of summability by 
Taylor’s polynomials leads to the consideration of a double integral generalizing the 
simple Cauchy integral. On page 173 he gives an important formula leading to 
methods of summability whenever certain conditions are satisfied. 

The final chapter, 7, is dominated by the ideas of Hermite and is largely based on 
books on quantum mechanics by de Broglie, Weyl, Wigner, and von Neumann. The 
author discusses the equations of Maxwell, the equations of dynamics, and the 
Jacobi-Hamilton system. He points out that to the Hermitian origin of the equations 
of Maxwell corresponds the Hermitian origin of the geometry of Cayley. The chapter 
is concluded with the indication that the considerations of Schrédinger are connected 
in a natural way with the field of differential equations, that there is a new connection 
between the gravitational theory and wave mechanics, and that in a certain sense 
electricity possesses dual character. 

The problems at the end of each chapter are well chosen, and some of them are 
highly instructive. 

W. J. TRyITZINSKY 
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Introduction a la Mécanique Non-Linéaire. By Nicolas Kryloff and Nicolas Bogo- 
liuboff. (In Russian.) Académie des Sciences de la R. S. S. D’Ukraine, 1937. 364 
pp. 

In this work the authors present developments essentially their own. Their con- 
tributions are of prime importance. Under consideration are nonlinear oscillatory 
differential systems sufficiently “close” to certain linear systems. The typical systems 
studied contain a parameter e and for e=0 such systems reduce to linear equations. 
The investigations are of the analytic-local character for a neighborhood of e=0 and 
the methods are of asymptotic type. It is emphasized that the methods of the astro- 
nomical theory of perturbations cannot be carried over into nonlinear mechanics, 
and reference is also made to topological methods. The above developments extend 
into a domain of the theory of nonlinear differential equations in which some very 
general problems, of somewhat analogous type but in directions distinct from those 
followed by the authors, have been extensively treated by the present reviewer (see 
his works in the Transactions of this Society, 1937, pp. 225-322, and in the Mémorial 
des Sciences Mathématiques, no. 90). 

W. J. TRJITZINSKY 


Grundgedanken der Teiltheorie. By Ernst Foradori. Leipzig, Hirzel, 1937. 79 pp. 


Teiltheorie is the theory of domains which admit a transitive and reflexive dyadic 
relation, that is, partially ordered sets. Such relations are particularly important in 
the theory of lattices and Boolean rings. Postulating such a domain, this work defines 
Vereinigung and Durchschnitt so as to make these terms equivalent to least upper 
and greatest lower bound, respectively. 

The principal object of this monograph is the definition and discussion of continu- 
ity in dense partially ordered sets. Foradori first defines continuity in a simply 
ordered set. His definition requires that each subset have a least upper bound and 
that each element be the greatest lower bound of all its successors. This is equivalent 
to postulating that the set be dense and that it satisfy Dedekind’s postulate of con- 
tinuity. A partially ordered set is said to be continuous if every simply ordered subset 
is a subset of a continuous simply ordered subset. The order-preserving image of a 
continuous partially ordered set is shown to be continuous. Continua which can be 
formed from a finite number of linear continua by identifying end points are said to 
be of the first class. Continua which are the direct product of two or more linear 
continua are of the second or higher class. These types of continua receive special 
consideration. 

The author’s definition of partially ordered continua is more complicated than 
necessary, and for this reason is hard to apply except in simple cases. With slight 
modification, his definition of continuity for simply ordered sets will apply directly 
to partially ordered sets without reference to their simply ordered subsets (for in- 
stance, see J. von Neumann, Continuous geometry, Proceedings of the National Acad- 
emy of Sciences, vol. 22 (1936), p. 94). By doing this, the treatment of the types of 
continuous sets with which this monograph is concerned can be greatly simplified. 
H. M. MacNEILLeE 


NOTES 


NOTES 


The editors of the Transactions wish to acknowledge the services of the following 
persons, not members of the Editorial Board, who have been consulted regarding 
papers offered for publication in volumes 43 and 44: C. R. Adams, M. A. Basoco, 
B. A. Bernstein, G. A. Bliss, Salomon Bochner, H. R. Brahana, H. E. Buchanan, 
J. L. Doob, Nelson Dunford, L. P. Eisenhart, L. M. Graves, Israel Halperin, G. A. 
Hedlund, Maximilian Herzberger, E. V. Huntington, M. H. Ingraham, R. D. James, 
J. R. Kline, B. O. Koopman, C. G. Latimer, Harry Levy, D. C. Lewis, Hans Lewy, 
N. H. McCoy, F. D. Murnaghan, John von Neumann, H. A. Rademacher, G. Y. 
Rainich, J. F. Randolph, J. D. Tamarkin, S. M. Ulam, Morgan Ward, R. L. Wilder, 
S. S. Wilks, W. A. Wilson, Aurel Wintner. 


A symposium on geometry was held at the University of Cincinnati on November 
12, 1938. Professors Oswald Veblen, A. B. Coble, and Karl Menger gave addresses. 


The German Academic Exchange Service has opened a branch office in New York 
City at 580 Fifth Avenue. 


Science reports that plans for the first building for the Institute for Advanced 
Study at Princeton have been approved by the trustees. The building will be known 
as Fuld Hall, and will probably be ready for occupancy by September, 1939. 


Yale University offers each year a number of Sterling research fellowships, some 
of them open to mathematicians. For the year 1939-1940 the normal stipend will 
be $1800. Applicants must have received the degree of Doctor of Philosophy or its 
equivalent from approved universities in the United States or foreign countries. In 
general, preference is given to applicants of not more than thirty-five years of age, 
but older persons are eligible. Applications should be received before March 1; blanks 
may be obtained from the Graduate School office, Yale University. 


The Copley Medal of the Royal Society has been awarded to Professor Niels 
Bohr, in recognition of his distinguished work in theoretical physics and particularly 
in the development of the quantum theory of atomic structure. 


The Nobel Prize in physics has been awarded to Professor Enrico Fermi of the 
University of Rome. 


Dr. Heinrich Behmann of the University of Halle has been promoted to an as- 
sistant professorship. 


Mr. W. G. Cochran, mathematical statistician of the Rothamsted Experimental 
Station, is working at the Statistical Laboratory at Ames, Iowa. 


Dr. Hubert Cremer of the University of Kéln has been promoted to an assistant 
professorship. 


Professor Ernst Fischer of the University of Kéln has retired. 


Professor Dario Graffi of the University of Turin has been appointed to a pro- 
fessorship at the University of Bologna. 
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Miss Camilla Hayden has been appointed to a professorship at Saint Mary-of- 
the-Woods College. 

Professor H. G. Lieber of Long Island University and Dr. Lillian R. Lieber, 
director of the Galois Institute of Mathematics, have been appointed visiting pro- 
fessors of modern mathematics in the graduate school of Duquesne University. 

Mr. Ingo Maddaus has been appointed to an assistant professorship at the Phila- 


delphia College of Pharmacy and Science. 


Assistant Professor G. M. Merriman of the University of Cincinnati has been 
promoted to an associate professorship. 


istant Professor C. B. Morrey of the University of California at Berkeley has 
been promoted to an associate professorship. 


Dr. Abba V. Newton of the American International College has been appointed 
to a professorship at Hartwick College. 

Dr. Jerzy Neyman has been appointed to a professorship at the University of 
California at Berkeley. 

Captain J. K. Peterson of Nashville, Tennessee has been appointed head of the 


department of mathematics at Wentworth Military Academy, Lexington, Missouri. 
Assistant Professor Z. M. Pirenian of the University of Florida has been pro- 
moted to an associate professorship. 
Assistant Professor Augustus Sisk of the University of Tennessee has been 
irtment of mathematics and physics at Maryville College, 


= 


appointed head of the d 


Tennessee. 
Associate Professor Pauline Sperry of the University of California at Berkeley 


has been granted leave of absence for the first half of the year 1938-1939. 


pp of Wittenberg College has retired with the title emeritus. 


ity of South Carolina has been 


or W. L. Williams of the Unive 


promoted to a professorship. 


Dr. C. P. Winsor ha 


statistics at Iowa State College. 


s been appointed an assistant professor of mathematics and 


uctorships are announced: University of Ala- 
t 


| 
uma: Mr. ady of Cincinnati College: Dr. Haim Reingold; 
Cornell University: Dr. F. A. Ficken, Dr. Samuel Saslaw, Mr. Edward Stephany, 
L. Walker; l ty of Florida: Mr. T. C. George, Mr. E. C. Phillips; 
Georgetown University: Dr. R. L. Mooney; University of Illinois, College of Phar- 


Warren Ambrose 


Mr. G. Jniversity 


macy: Mr. R. M. I 


Kansas: Mr. Edisor 


of Mar 


ity of Missouri: Mr. D. L. Waidelich; 
» of Nebraska: Dr. 


Monticello College, Godfrey, Ill.: Mr. R. F. Jackson; Univer 


Professor M. O. Trip 
Associate Profess ; 
Professor Fredrick Wood, head of the department of mathematics at the Univer- 
sity of Nevada, has been made dean of the College of Arts and Science at that in- 
stitution 
BE 3 esancon; University of Illinois: Dr. Olaf Helmer; University of 
Eee, Greer; Los Angeles City College: Dr. D. C. Duncan; University 
land: Mrs. Martha H. Plass; 
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D. L. Netzorg; University of Nevada: Mr. Everett Harris; University of Oklahoma: 
Mr. J. C. Van de Carr; University of Oregon: Dr. T. S. Peterson; University of Pitts- 
burgh, Johnstown: Mr. John Breiland; St. Xavier College: Miss Evelyn R. Garbe; 
University of Tennessee: Mr. W. R. Hanson, Mr. H. M. Hughes; Agricultural and 
Mechanical College of Texas: Dr. B. W. Brewer; University of Texas: Mr. R. E. 
Greenwood, Mr. Charles Moran; Texas Technological College: Miss Lida B. May; 
Ursinus College, Collegeville, Pa.: Dr. F. L. Dennis; Villanova College: Mr. Emil 
Amelotti; West Virginia University: Mr. M. L. Vest; University of Wisconsin at 
Milwaukee: Mr. M. J. Turner; Wright Junior College, Chicago: Dr. Leonard Torn- 
heim; Yale University: Mr. T. J. Benac, Mr. E. S. Grable. 


The death of Professor Pietro Burgatti of the University of Bologna on May 20, 
1938, is reported in the Bollettino della Unione Matematica Italiana. 


The death of Professor Maurice d’Ocagne on September 23, 1938, is announced. 
He was seventy-six years old. 


Dr. Erwin Pepperitz of the Freiberg School of Mining died August 5, 1938. 


The death of Mr. L. G. Schnirelmann of the U.S.S.R., on November 11, 1938, 
at the age of thirty-one, has been announced. 


Dr. T. W. Edmondson, professor emeritus of mathematics and former acting dean 
of the graduate school of New York University, died November 4, 1938, at the age of 
sixty-nine. 


Mr. J. E. Ostrander, from 1897 to 1928 professor of mathematics and civil engi- 
neering at the Massachusetts State College at Amherst, died on October 19, 1938, 
at the age of seventy-three years. 


Professor James Pierpont, since 1933 professor emeritus of mathematics at Yale 
University, died on December 9, 1938. A more adequate notice will appear in a later 
issue. 


Commander Milton Updegraff, professor of mathematics of the United States 
Navy, died on September 12, 1938, at the age of seventy-seven years. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


1. A. A. Albert: New proofs of the main theorems on algebras. 


The R. Brauer theorem stating that the direct product of a normal division algebra 
and its reciprocal algebra is a total matric algebra is used as foundation of the theory. 
A direct proof of this theorem is obtained as a consequence of the relations between 
the two regular representations of an algebra. Wedderburn’s theorem, stating that if 
an algebra has a total matric subalgebra this subalgebra is a direct factor, is used 
then to simplify his determination of the structure of any simple algebra. The Brauer 
theorem may next be extended immediately to normal simple algebras and applied 
to show that any scalar extension of a normal simple algebra is normal simple. This 
treatment results in a considerable simplification of the proofs of the principal theo- 
rems on algebras. The repeated application of the Brauer theorem also provides an 
essential clarification and great condensation of the derivation of the modern theory 
of normal simple algebras. The exposition will appear in the author’s forthcoming 
Colloquium Lectures. (Received November 21, 1938.) 


2. C. B. Allendoerfer: An n-dimensional Gauss-Bonnet theorem. 
Preliminary report. 


The classical Gauss-Bonnet theorem is generalized to conformally flat spaces S, 
of any even dimension. Let Vn_; be a closed subspace of S, which can be mapped 
into a unit sphere by a conformal mapping which carries S, into a flat space. Then an 
integral (whose integrand is essentially the mean normal curvature of V»_1) over 
V,-1 plus an integral (depending solely on the metric of S,) throughout the interior 
of V,_1 is equal to the area of an ordinary unit sphere of »—1 dimensions. For S, of 
odd dimension, the formula omits the integral over the interior of V,_; and modifies 
the integral over Vn_1. (Received November 23, 1938.) 


3. C. J. Blackall: Volume integral invariants of non-holonomic sys- 
lems. 


In this paper necessary and sufficient conditions are given that a non-holonomic 
dynamical system, in which the applied forces are functions of the position coordi- 
nates only, have a volume integral invariant. Special attention is paid to the case in 
which the integrand of the invariant integral is a function of the position coordinates 
only. An example is given to prove that not all analytic conservative non- 
holonomic systems admit volume integral invariants in which the integrand is non- 
trivial and analytic. (Received November 21, 1938.) 
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L. M. Blumenthal and G. R. Thurman: Spheroidal and pseudo- 
spheroidal spaces. 


Denote by S a semimetric space of finite diameter d. If + is a positive number, 7 a 
positive integer, F(pq/r) a real monotonic decreasing function defined over the dis- 
tance set of S, with F(0) =1, F(d/r) = —1, then the system (S, F; n, r) is a spheroidal 
space provided a certain set of five metric conditions is satisfied. A semimetric space 
is pseudo-(S, F; 2, r) provided each set of n +2 of its points is congruently embeddable 
in (S, F; n, r) while the whole space is not. This paper develops the geometry of 
spheroidal and pseudo-spheroidal spaces. The principal theorem asserts that if P 
is any pseudo-(S, F; 2, r) space containing more than +3 points, and p, ge P implies 
pq xd, then for every integer k and every set of k+1 points of P, the determinant 

F(p:p;/r)\, 7=1, 2, +++, +1), has (upon multiplication of appropriate rows and 
the same numbered columns by —1) all elements outside the principal diagonal equal 
to —1/(m+1). Thus P is essentially equilateral. Since the n-dimensional spherical 
surface of radius 7 is a spheroidal space (F(pg/r) =cos pq/r), this result contains, as 
a a: case, the solution of the problem proposed by Menger of characterizing 
pseudo-spherical spaces. (Received November 7, 1938.) 


. R. P. Boas (National Research Fellow): The closure of transla- 
tions of almost periodic functions. 


Let f(x)~)-2__.ane* be a uniformly almost periodic function in which no ap is 
zero. Let g(x)~>_;__..bne*#™* be another uniformly almost periodic function. Then 
it is possible to approximate to g(x), uniformly on (— «, ~), by — sums of the 
form > cef(x+ux), if and only if every ua occurs in the sequence {r,, }. Similar theo- 
rems can be established for other classes of almost periodic functions. (Received 


November 15, 1938.) 


R. P. Boas (National Research Fellow) and Salomon Bochner: 
a theorem of M. Riesz for Fourier series. 


\ theorem of M. Riesz states that if f(2) isa function of L?, (p>1), of peri iod 27, and 
is the nth partial sum of its Fourier series, then Ay f(t) 
where A, depends only on p. This theorem s generalized to the case of abstract-valued 
functions with values in a space /’, (r >1). Written explicitly, the result is that if 
if, (t) } is a sequence of of per 2x, and S,*(t) is the nth partial sum 

f the Fourier series of f,(t), then | S,(t)| } 
where Ap ae only on pand r. The « case r=2 has been Seceeanll by Paley and 
1. ittlewood Zygmund (see Proceedings of the Cambridge Philosophical So- 
y, vol. 3 + (1938 , p. 128). The result is false when r=1, as has been shown re- 
by S Bo hner and A. E. Taylor. 1938.) 


(Received November 15 


7. J. W. Calkin: An abstract self-adjoint boundary value problem. 

Let H be a closed symmetric transformation in Hilbert space §, and let A bea 
reduction operator for H* (see the author's paper, Procee lings of the National Acad- 
emy of Sciences, vol. 24 (1938), pp. 38-42, Definition 1). Let Af ¢ It be a boundary 
condition defining a self-adjoint extension H(M) of H (loc. cit., Definition 2), and 
let X belong to the resolvent set of H(3). Assuming a solution f of the equation 
H*f —df=f*, where f* is an arbitrary element of 5, and a complete orthonormal set 
itn} in the manifold of zeros of H*—XI, the author determines an expansion 


6 
On 
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g=f+)_ndntn for the unique element g of O(H*) such that H*g—dg=f*, Age N. The 
result provides an algorithm by means of which an expansion for the Green’s function 
associated with each of a wide class of self-adjoint boundary value problems can be 
determined. (Received November 22, 1938.) 


8. R. H. Cameron and Norbert Wiener: Convergence properties of 
analytic functions of Fourier-Stieltjes transforms. 


Let F(x) be the Fourier-Stieltjes transform of the function of bounded variation 
f(u); let h(u), g(u), s(u) be the discrete, absolutely continuous, and singular parts of 
h(u); and let H(x), G(x), S(x) be the three corresponding parts of F(x). The authors 
define two norms and Ts**[F] for F(x) and for 0 <6 <1. The first of these norms 
is twice the sum for all integers of the @ powers of the total variation of f(u) on the 
interval n<u<n-+1. The second norm is the above expression for g(u)-+-s(u) plus 
twice the stim of the 6 powers of the jumps of h(u). This paper shows that if A(z) 
is a single-valued analytic function in a certain region R and F(x) is of finite 0-norm, 
then A[F(x)] is also of finite 0-norm, the two 0-norms being of the same type. The 
region R contains all points within { 7» [S]}*/°+-6 of values of F(x). The same theo- 
rem holds for n-valued functions A (z) if G(x) is identically zero. If G(x) is not identi- 
cally zero, an extra condition is necessary to insure that A(G(x)) and A(G(x2)) are 
on the same branch of A(z) when x; and x2 are corresponding points near + and 
—«, (Received November 26, 1938.) 


9. H. H. Campaigne: Hypergroup structures. 


The purpose of this paper is to study the conditions under which the subhyper- 
groups of a hypergroup constitute a structure. If G is a finite group with a conjugation 
among its elements, then a subgroup F is said to be appropriate if it is closed under 
the conjugation. The set of appropriate subgroups of G forms a structure G. The 
classes {b} of conjugate elements of G form a hypergroup {G}, and if F is an appro- 
priate subgroup, then and only then is { F} a subhypergroup of {G} containing {e} 
(e is the identity of G). The set of such subhypergroups of {G} is a structure, and is 
abstractly identical with G. If the conjugation is defined in terms of a subgroup A, 
that is, if a~b if and only if ab— is in A, then the appropriate subgroups are those 
containing A. If the conjugation in G is one determined by a group I of the auto- 
morphisms of G, the appropriate subgroups are those invariant under the auto- 
morphisms of I. If T is the group of inner automorphisms of G, then G is simple if 
and only if {G} has no proper subhypergroups. (Received November 22, 1938.) 


10. L. W. Cohen: On imbedding a space in a complete space. 


Let S be a set of elements p, and assume that for each p in S a sequence of sets 
U,(p) is defined which satisfies the following conditions: (1) U2(p) (2) 
U;(p)Un.(p) > Ui(p) for each p and some k=k(p, n, m); (3) for each p in S and 
each n there are integers \(m) and 6(p, m) such that if Us.p,n)(q) (p) then 
Usip,n)(q) C Un(p). Under these conditions, there is a complete regular Hausdorf 
space S* satisfying the first denumerability axiom and a mapping f on S to a subset 
f(S) S*, such that f and are single-valued and continuous and f(p;) is a conver- 
gent sequence in S* if p, is a Cauchy sequence in S. The sequence fx is called a Cauchy 
sequence in S if for each m there are gn in Sand kn >Osuch that pz © Un(gn) for k =n. 
A complete space is one in which every Cauchy sequence has a limit. The question 
of the metrizability of Sis open. (Received November 16, 1938.) 
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11. Richard Courant: Conformal mapping of multiply connected do- 
mains. 


The solution of Plateau’s problem leads, as was first emphasized by Douglas, to 
mapping theorems if the prescribed contour lies in a plane. By the methods for the 
solution of Plateau’s problem developed by the author, new mapping theorems can be 
obtained; for example, each k-fold connected domain can be mapped conformally 
on a domain consisting of k concentric circles in different sheets connected by 2k—2 
branch points, so that k+1 branch points are prescribed. It is also possible to choose 
all the circles as unit circles if the branch points are left free; then one may prescribe 
the image of one point on the boundary of each circle. (Received November 21, 1938.) 


12. L. A. Dye: Involutorial transformations determined by two sys- 
tems of lines. 


Two transformations of general order are generated by associating the surfaces 
of a pencil with the lines of two systems. Through a general point P of space passes 
one surface of the pencil and one transversal of the associated pair of lines. The resi- 
dual intersection of this transversal with the surface is the image of P in an involu- 
torial transformation. The transformations, which are regular, have fundamental 
curves of both the first and second species. (Received November 21, 1938.) 


13. W. W. Flexner: The character group of a relative homology group. 


Let G and H be abelian groups, one discrete and the other locally bicompact, 
which are character groups of one another with respect to the group of real numbers 
reduced modulo 1. If T is a subgroup of G (written T C G), denote by (H, I) the group 
of all elements of H mapped on the identity by all elements of r. Then if TC ©CG 
and @C § C H, each subgroup being closed in the group containing it, and if © =(G, 6) 
and §=(H, PL), it is proved that G/T and §/8@ are character groups of one another. 
If G* is the direct product GX --- XGtos factors, s is finite, FC H*, and ¢ is a posi- 
tive integer less than s, then it is shown that (G*, F)* is isomorphic to (G‘, F*), where 
the star means projection on G‘ or Ht. Two more lemmas, similar to this, are proved. 
If L isa subcomplex of a finite complex K, it then follows that the group of r-G-cycles 
of L independent with respect to bounding on L but bounding in K is the character 
group of the group of r-H-cocycles of L modulo the subgroup of those of them which 
are r-H-cocycles of K. (Received November 22, 1938.) 


14. L. R. Ford: Normal families and differential equations. 


This is a discussion of the role which the theory of normal families might be made 
to play in proving the existence of solutions of differential equations in the analytic 
cases. The equation w’’+Q(z)w=0, where Q(z) is analytic, is studied explicitly. (Re- 
ceived November 22, 1938.) 


15. K. O. Friedrichs and J. J. Stoker: The nonlinear boundary 
value problem of the buckled plate. 


A constant pressure is applied along the edge and in the plane of a thin circular 
plate. The mathematical formulation of the problem leads to two nonlinear differ- 
ential equations for deflection and stress functions with appropriate boundary con- 
ditions. Beyond a certain critical value of the pressure the problem has three different 
solutions: the state with no deflection and two buckled states. In order to obtain the 
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latter, a method similar to the perturbation procedure is employed. The results show 
that the plate beyond the critical pressure is very much stiffer than its one-dimen- 
sional analogon, the beam under axial thrust. (Received November 26, 1938.) 


16. Saul Gorn: Some theorems on dimensions in partially ordered 


sets. 

These results enlarge upon those mentioned in this Bulletin, abstract 44-5-201. A 
dimension isa real function on a partially ordered set with d(a) +d(b) =d(ab) +d(a+b) 
when ab and a+4 exist. It is strong if a>b implies d(a) >d(b); weak if a>b implies 
d(a) =d(b); normalized if d(0)=0, d(1)=1. The results are: (1) that a reducible 
complemented modular lattice cannot have a unique normalized dimension; (2) the 
obvious corollary for Boolean algebras; (3) that if L’ is a projective extension of the 
incidence geometry L with the same zero, the ratio of the rank of an element in L 
to its rank in L’ is constant; (4) an obvious generalization of (3), if L and L’ do not 
have the same zero; (5) that if r(x) is a normalized weak dimension in a Boolean alge- 
bra, the elements of dimension one (zero) form a z-ideal (c-ideal), called the deter- 
mined ideal a; (6) that there is a 1-1 correspondence between the possible r(x) 
determining a and the strong dimensions in the quotient Boolean algebra relative 
to a; (7) that r(x) is unique for a if and only if a is prime. (Received November 7, 
1938.) 


17. Saul Gorn: The complete envelope of a non-normal partially or- 
dered set. 

A generalization of the result mentioned in this Bulletin, abstract 44-5-201, is ob- 
tained by ideal extension. A partially ordered set is non-normal if the sufficient con- 
ditions for existence of sum and product are not valid. An extension L’ of L is called 
conservative if a<b in L’ implies a<b in L for any elements in L. Two operations 
on subsets of L are introduced which generate and permit the definition of complete 
ideals. When iterated alternately, they have the formal properties of the star operator 
for linear transformations in Hilbert space. The extension L’ is a conservative ex- 
tension of L if and only if the complete ideals of L are obtained from those of L’ by 
intersection with L. The complete ideals in a general (non-normal) partially ordered 
set form the minimal conservative extension of L. The condition that the extensions 
be conservative is necessary even if L is normal, as is shown by an example. (Received 
November 7, 1938.) 


18. D. W. Hall (National Research Fellow): Some applications of 
true secondary elements. 


Let C be a cyclicly connected continuous curve. Then, as has been previously 
shown by the author (see this Bulletin, abstract 44-5-205), certain closed subsets of C 
may be distinguished and known as true secondary elements. Let C have the property 
that for every true secondary element E of C the set C—E has but a finite number of 
components. Let P be any one of the following properties: (1) that of being a regular 
curve, (2) that of being a rational curve, (3) that of being hereditarily locally con- 
nected. Among the results of the present paper is the following theorem: A neces- 
sary and sufficient condition that C have property P is that each component of every 
true secondary element E of C also have property P. (Received November 21, 1938.) 


19. Israel Halperin: The spectrum of a continuous flow. 


J. von Neumann has shown that for a differentiable ergodic flow the point spec- 
trum is a modulus and the continuous spectrum is either absent or fills the entire 


NX 


ABSTRACTS OF PAPERS [January 


real axis (see Annals of Mathematics, (2), vol. 33 (1932); p. 635). He conjectures that 
the same results hold for all ergodic flows. The writer establishes this conjecture for 


ntinuous ergodic flows. (Received November 23, 1938.) 


20. O. G. Harrold: On the non-existence of certain continuous trans- 


rmation ) defi ned on an arc. 
It is well known that there exist continuous transformations defined on an arc 
ch that the inverse of each point in the image space consists of exactly k& points, 
I ) 
k=1,3,4,5,--+-+. In this note it is shown that for k=2 no such transformation 


undamental lemma needed for the aang is this: It is impossible to map 


yusly a Cantor discontinuum on a space A containing an arc such that every 
las exactly two inverse points. (Received November 22, 1938.) 


21. Albert Heins: Some remarks on the solution of partial difference 


ious methods of solving partial difference equations under given conditions 


Methods differing from the classical methods are considered. (Received 


22. M. R. Hestenes: Generalized problem of Bolza in the calculus of 


1aito7 
esent paper the author studies the problem of minimizing a function 
(=? f(a, y, y’)dx in a class of arcs ay, yi(x), (xx h=1,-°--, 7; 
1 n), in ¢ race x, y, y’)=0, x,=x,(a), 
yis(a), (s= and J,=0, where the func binds I, are of the same form as J. 
problem contains as immediate special cases the problems of Bolza and Mayer in 


} Morse forms, the isoperimetric prol blem, the problem of minimizing a 
ction of integrals, and other probler nt conditions for strong relative 
e es shed. These conditions are ble at once to the above special 


an extension ar i SI 


‘ sane i iplification of one previously used 
I tions of this Society, vol. 42 (1937), pp. 141-153) in sufficiency 
e probler Bolz (Received Novembhe 21, 1938.) 
13. M. R. Hestenes and W. T. Reid: A note on the Weterstrass con- 
n the calculus of variations. 
The purpose of the present note is to prove the following theorem and its analogue 
of Bolz >t ose th the dete J rgry associated with an 
tion f y, P) is different from zero on a region N of admissible elements 
pn). If the Weierstrass E-function determined by 
he ¢ lition E(x, y, p, gq) =0 for all (x, y, p) on N and all (q) such 
| 1 E=0 only if ( »). The corresponding theorem 
f I ric form is also given. (Received November 21 


24. T. R. Holleroft: Cuspidal limits for plane curves. 


I to the number of cusps of a plane curve system of order m and genus p 
node i cusps are ir by Pliicker’s equations. These limits were 
explicit form Lefschetz in 1913. In the same paper, Lefschetz estab- 


ing Pliicker limits for 


f 
exist f 
cor u 
COCUAIION: 
( r 21, 1938.) 
a 
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any n and p< fp (po is the lowest genus of the curve of least class for a given order). 
These curve systems are all regular. There is not only no similar proof for p> po, 
but Zariski has proved that certain systems satisfying the Pliicker limits for p> po 
do not exist. In this paper it is shown, for n sufficiently large, that regular maximal 
cuspidal curve systems exist for genera up to p, > po. It is also true that regular curve 
systems witli only cusps exist for p, <(n—1)(n—2)/2. Within the interval p? —p 
lie the genera of all irr 


1 
Finally, within this interval p, —p,, for n sufficiently la 


ilar systems, although not all of these systems are irregular. 


there are values of p for 
which cuspidal limits holding for all values of n cannot be found i 


21, 1938.) 


ived November 
25. Charles Hopkins: Rings with minimal condition for left ideals 


eft ideals of A is a two 
| 


sided ideal M and the direct sum of a finite numbe 


of A; the sum of all 
minimal nilpotent left ideals is a two-sided ideal of A. Every MLI ring is shown to be 


the sum of a nilpotent and an idempotent MLI ring. The structure of tt 
special types of MLI rings is investigated. In particular, it is shown that for a nil- 


1ese two 


potent MLIJ ring B the minimal (maximal) condition for left ideals implies t 


plies the n 


mal (maximal) condition for subrings of B. For a non-nilpotent MLI ring J the exist 


ence of either a right-hand or a left-hand identit plies the existence of a composi- 


L 
tion series of left ideals of J. (Received November 21, 1938.) 


26. Dunham Jackson: Linear dependence of polynomials on alg 
braic curves in space. 

It has been shown previously that the number of polynomials of the nth degree 
in a system of polynomials orthogonal on the curve of intersection of two quac 
cannot exceed 4, It is pointed out now that for any algebraic curve in space the corre- 
sponding number is bounded n becomes infinite, and explicit ounds for i 
are obtained in a variety of cases. (Received November 14, 1938 


27. Fritz John: An identity for the integrals of a function over two 
concentric ellipsoids. 


Let E, and E, be two ellipsoids in 3-space with center at the origin 


gential equations > and respectively. I 


ression for fdw —fr fdu 
} 


is derived an explicit th an arbitrary funct 
Fy, and E>. Here 


2s, in the special 


terms of the values of df /x;0 1 the convex hull o 


ir 
dw denotes the affine element of surface of the ell 


ipsoids. This includ 
z, Af =0, the result that the mean values of a potential function over 
confocal ellipsoids are the same. (Cf. Asgeirsson, Mathematische Annalen, vol. 113; 


Nicolesco, Mathematiche Annalen, vol. 114.) (Received November 22, 1938.) 


case dj, = 6; 


28. B. W. Jones: A nole on a minimum for positive quadratic forms. 
While the 


is concerned with minimizing the a;; of the form, the Selling reduction n 


isenstein reduction of positive m-ary quadratic forms f 


limizes the 
sum s=)f<)0i;. This amounts to what might be called a minimum mean of the coeffi- 
cients. By means of an extension of Hermite’s reduction one finds for the minimum s, 
in the case of integral forms, a simple upper bound depending only on the determinant 
of the form and n. There is no such upper bound for non-integral forms. (Received 
November 21, 1938.) 


Let A denote a ring with minimal condition for left ideals (MLIJ ring). It is proved 

that the radical R of A is nilpotent; the sum of all minimal! mT 


74 


ABSTRACTS OF PAPERS [January 


29. J. L. Kelley: Concerning a decomposition of compact continua. 


For a given compact continuum M define an F-set in M to be an end point, a cut 
point, or a nondegenerate Mp, where pis a non-cut point and M} is the set of all points 
not separated from p in M by any point. This differs from R. L. Moore's definition 
of simple link only in the classification of a certain set of cut points. The present defi- 
nition is chosen so that if M is locally connected, the F-sets are simply the cyclic 
elements. It is shown that M is the sum of its F-sets, that a point not belonging toa 
nondegenerate F-set is a regular point in the sense of Menger-Urysohn, and that 
many other cyclic element theorems hold. Also the following fixed set theorems are 
obtained: If T is a continuous transformation, T(M) Cc M, (1) there exists a con- 
tinuum NC M such that T(N)> N and N is not separated in M by any point of M, 
(2) there exists a fixed point or an F-set F such that F- T(F) contains a nondegenerate 
continuum, (3) there exists a compact set R such that T(R)=R and R is a subset of 
an F-set. (Received November 21, 1938.) 


30. A. J. Kempner: On the roots of algebraic equations with complex 


coefficients. 


Theorem 1. Given f(z) =f(x+iy) =) azz" with complex coefficients, and a line 
y=mx-+b, m, b real, by rational operations on the a; and their conjugate complex a, 
and on m and 8, it is possible to factor f(z) into fi(z) -f2(z), such that the roots of 
f(z) =0 are exactly those roots of f(z) =0 lying on y=mx+b or symmetric in pairs to 
y=mx-+b. For this and the following theorems, simple algebraic proofs are given. 
For a special case, a function-theoretic proof was given by Milne and Thompson, 
Mathematical Gazette, vol. 21 (1937), pp. 288-289. Theorem 2. Necessary and suffi- 
cient conditions that (a) some roots of f(z) =0 lie on the axis of reals, or (b) that some 
couples of roots be conjugate complex, or that (a) and (b) both hold, is the vanishing 
of the determinant of order 2n representing the resultant of ¢,(z) =)az*, 


$2(z) =>_Biz*, (k=0,--- 


, n, a~+i8,=ax). Theorem 1 may be extended from a 


straight line to a real polynomial curve y=y(x) =) 6x" in the z-plane, as well as to 
other types of curves. If symmetry of a pair of points in the z-plane with respect to 
y=y(x) is interpreted in the sense of Schwarz’ Spiegelungsprinzip, the following 
theorem may be stated. Theorem 3. By rational operations on the ax, dz, and cx it is 
possible to factor f(z) =f1(z) -fe(z) so that the roots of f;(z) =0 are the roots of f(z) =0 
lying on y=y(x) or in pairs symmetric to y=y(x). Other theorems and applications 
are derived. (Received November 22, 1938.) 


31. Alfred Korzybski: Extensionalization in mathematics, mathe- 
matical physics, and general education. General semantics. 11. 


The following topics are treated in this paper: intuition, reason, and faith in 
mathematics and life; fundamental neurological factors involved (never suspected 
before) which account for the cultural and sanity empirical bearings of mathematical 
methods; geometry, analysis, and analytical geometry, and their neurological values; 
structure of languages in general and mathematics in particular; new nonelemental- 
istic definition of number; the Einstein theory; predicatability, based on proper 
evaluation, ultimately depends on similarity of structure between map-territory, 
language-facts, achieved in mathematics; necessary revision of the structure of lan- 
guage after mathematical patterns; structural revision of languages introduces needed 
thelamic factors into symbolism; the automatic empirical results achieved in general 


semantics, psychiatry, and education, and their lasting effects; the human and cul- 
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tural value of the application of elementary mathematical methods toward general 
sanity and its automatic effect on more efficient education, and so on. (Received 
November 22, 1938.) 


32. O. E. Lancaster: Orthogonal polynomials defined by difference 
equations. 


This paper is devoted to a study of polynomial solutions of difference equations 
of the form (ax?+-bx-+c)Ai2y(x) +(dx+f)Any(x) +gAy9(x+h) =0, where d is a parame- 
ter, h is the interval of difference, and a, b, c, d, f, and g are constants. After a new 
definition of an adjoint equation is made, it is proved that every second order differ- 
ence equation can be put in a self-adjoint form. Then it is shown that solutions corre- 
sponding to characteristic values of \ are orthogonal (in a sense defined) on some 
interval. Special properties of these orthogonal polynomials are developed. Included 
among them is a difference form and a recurrent relation for the polynomials. The 
results are shown to reduce, in the limit as h-0, to the known facts for differential 
equations. The general theory is illustrated by polynomials analogous to the Legendre 
and Hermite polynomials, which were studied by Jordan and Greenleaf (Annals of 
Mathematical Statistics, vol. 3 (1932), pp. 204-357), and also by polynomials which 
are developed in this paper. (Received November 18, 1938.) 


33. E. H. Larguier: A matrix theory of n-dimensional measurement. 


The author extends to m dimensions some of the results obtained by A. H. Cope- 
land (A matrix theory of measurement, Mathematische Zeitschrift, vol. 37 (1933), 
pp. 542-555) who has given a precise statement of the fundamental assumptions of a 
matrix theory of measurement which would serve for a one-dimensional theory of 
probability. Somewhat later, Copeland (The probability limit theorem, Duke Mathe- 
matical Journal, vol. 2 (1936), pp. 171-176) showed that the assumption that physical 
measurements behave in accordance with the probability limit theorem does not in- 
volve any inconsistency in the mathematical sense. This same notion has been ex- 
tended by the author to include the probability theorem for m dimensions. Inciden- 
tally, a simplification of one of Copeland’s theorems (p. 174) is given in the present 
paper. (Received November 15, 1938.) 


34. R. G. Lubben: Composition points in abstract spaces. 


A space T is defined for the aggregate of all composition points of a space S which 
is a space H Fréchet; as a consequence of this definition, T is a space H. (1) In order 
that M C T be perfectly compact in itself and that no two of its points intersect, it is 
necessary and sufficient that M determine an amalgamation point and that it be upper 
semicontinuous relative to S; the aggregate of atomic elements of T satisfies this 
condition. (2) In order that it be possible to regard each element of T which is “regu- 
lar relative to S” as the amalgamation of its “regular-atomic” pieces, it is necessary 
and sufficient that (a) each element of T intersect a regular atomic element of T and 
(b) two regular (relative to S) elements of T intersect only if they intersect in a regular 
(relative to S) element of T. (3) If the condition in (2) is satisfied, the aggregate of 
regular-atomic composition points satisfies that of (1); and the regular composition 
points of S admit a theory similar to that in abstracts 43-9-344 and 44-1-32. This is 
not true for all the composition points; in general the atomic points are finer than the 
regular-atomic points. (Received November 21, 1938.) 
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35. W. H. McEwen: Note concerning a generalization of Bernstein’s 
theorem. 


Zygmund has generalized S. Bernstein’s theorem for trigonometric polynomials 
Ty (0), (@=2z2x), as follows: || Nl where Pdx (p21). 
Hille, Szegé, and Tamarkin have made a corresponding generalization of Markoff’s 
theorem in the case of polynomials Py(x), || Py’ ||p< CN*|Py||p. In the present paper 
the author observes that similar generalizations can be made also in the case of sums 
Sy (x) of Birkhoff type, associated with a given regular linear differential system of the 
nth order, L(u)+Au=0, W,(u) =0, (7=1, 2, -- +, 2). In general, 
but suitable additional restrictions on the boundary conditions give the relation 
|| Sy (Received November 21, 1938.) 
36. E. J. McShane: Curve-space topologies associated with varia- 
tional problems. 


The usual definition of a weak relative minimum for parametric problems in the 
calculus of variations involves inequalities of the form (a) | y(t) —y()| <é£, 
(b) | <e, where y=7(¢) (that is, y'=7‘(t)), is some favored 
representation (for example, in terms of arc length) of a curve I. It would be estheti- 
cally preferable to base the definition of weak relative minimum on a concept of 
neighborhood in curve-space. In this note six topologies are defined, and their inter- 
relations studied. Two of these lead to a notion of weak relative minimum equivalent 
to the usual one; a third (defined by replacing (b) by the condition that the angle 
between y’(t) and y’(é) be not greater than e,<e for almost all #) is equivalent if I is 
of class D’, but not if it is merely rectifiable. The other three topologies are mutually 
equivalent but weaker than the first. They are the weakest topologies in which every 
integral SFO, y’)dt is a continuous function of curves. (Received November 21, 1938.) 


37. E. J. McShane: On the uniqueness of the solutions of differential 
equations. 


If y:(x) (that is, (y:'(x),--+, yf (x)) and ye(x) are solutions of the equations 
yi=fi(x, y), (@<x<b), and for some xp in [a, b] these solutions coincide, they still 
may not be identical. However, if there is a summable function M(x) such that 
(1) n*{ fi(x, y+n) —fi(x, y)} < M(x)| n| 2 (where | n|?=n*n?) for all x in [a, b] and all 
y and all 7, then the solutions will be identical for x»<x<b. If in (1) the sign < is 
replaced by 2, the solutions will coincide for a<x<xo. Two special cases are ob- 
tained, the standard theorem on uniqueness in which it is assumed that f(x, y+n) 
—f(x, y)| S M(x) | a| , and a theorem of Graves in which n =1 and f(x, y) is monotonic 
decreasing as a function of y. (Received November 21, 1938.) 


38. E. J. McShane: The Jacobi condition and the index theorem in 
the calculus of variations. 


Bliss’s treatment of the Jacobi condition (1916) made use of a class of solutions 
n‘(t) of the Jacobi equations which were called “normal,” satisfying »‘y‘=0. Later 
authors replaced this condition by others, in some cases to make the treatment of the 
parametric problem resemble more closely the non-parametric theory, and in another 
(M. Morse) to facilitate the proof of the index theorem. The purpose of the present 
paper is to show that a modification of Bliss’s treatment can be devised which (a) is 
invariant under change of parameter and of coordinates, (b) yields the Jacobi neces- 
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sary condition and the tests for conjugacy in the non-parametric problem as ready 
consequences of those for the parametric problem, and (c) is not less suited than 
Morse’s for the proof of the index theorem. The “normal” solutions of Bliss are re- 
placed by “p-normal,” solutions, satisfying 7*(¢)p;(t) =0, where 9; is covariant under 
change of coordinates, is at most multiplied by a factor k(¢) 40 under change of pa- 
rameter, and satisfies p;y‘0. (Received November 21, 1938.) 


39. Saunders MacLane: Modular fields. 1. Separating transcendence 
bases. 


If K>L are fields of characteristic p, a separating transcendence basis T of K 
over L is a set of elements of K algebraically independent over L, such that every 
element of K is separable and algebraic over L(T). If K is a function field of 2 vari- 
ables over a perfect coefficient field L, then K always has a separating transcendence 
basis over L. The same result is demonstrated if the base field L is itself a function 
field of one variable over a perfect coefficient field. For more general fields L, necessary 
and sufficient conditions for the existence of a separating transcendence basis for K/L 
are given. They involve the consideration of a class of extensions K/L which preserve 
p-independence, in the sense that elements of L which are p-independent in ZL must 
remain p-independent in K. In consequence of these considerations, it is shown that if 
K has a finite separating transcendence basis over L and if M is a field between K 
and L, then M also has a separating transcendence basis over L. Finally an example 
is given to show that a field K need not have a separating transcendence basis over 
its maximal perfect subfield P except when the transcendence degree of K over P is 1. 
(Received November 22, 1938.) 


40. Saunders MacLane and O. F. G. Schilling: Infinite number 
fields with Noether ideal theories. 


This paper is concerned with the explicit construction of all fields and rings with 
certain given arithmetic properties. For instance, a field K is divisor-discrete if every 
valuation of K is discrete, and is divisor-finite if every element of K has a value differ- 
ent from zero in only a finite number of non-equivalent valuations. All fields K which 
are both divisor-discrete and divisor-finite are found; they include finite algebraic 
number fields, certain infinite such fields, and certain function fields with coefficient 
fields which are absolutely algebraic. A domain of integrity has a Noether ideal 
theory if every ideal has a unique decomposition into a product of prime ideals and 
if divisibility of ideals implies factorizability. A sample theorem is the following: A 
field K is divisor-discrete and divisor-finite if and only if every integrally closed sub- 
ring J of K has a Noether ideal theory. (Received November 14, 1938.) 


41. H. M. MacNeille: A constructive theory of integration. 


This paper presents a construction, directly from step functions, of an integral 
analogous to Bochner’s generalization of the Lebesgue integral. Let S be the class of 
finite-valued step functions from a Boolean ring K of point sets (the properties of K 
are described in the writer’s paper, Proceedings of the National Academy of Sciences, 
vol. 24 (1938), pp. 188-193) toa linear, metric, but not necessarily complete, space J; 
then S is a linear space. An integral is defined and its properties are developed in the 
space S of step functions. A metric is defined in S. The metrics of the spaces L? are 
among the possible metrics for S. In general, the set S will not be complete under 
the metric defined for it. The set S and the definition and properties of its integral 
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are extended to a complete metric space by means of the absolutely convergent se- 
quences in S. The use of absolute convergence simplifies the theory by making the 
selection of subsequences unnecessary. This method of construction leads directly to 
such topics as derivatives, variation, spaces L?, absolute continuity, and Fubini’s 
theorem. Neither a partial order in J nor a topology in the set of points from which 
the elements of K are drawn is required by this method. (Received November 22, 
1938.) 


42. W. A. Manning: A note on transitive groups with regular sub- 
groups of the same degree. 


A simply transitive group of degree m (m not a prime) in which there is a regular 
abelian subgroup H of order n, one of whose Sylow subgroups is cyclic, is imprimitive. 
The proof of this theorem by H. Wielandt is of admirable brevity, but depends upon 
several propositions laid down by I. Schur in his memoir on that less general case in 
which H is cyclic. The whole matter can be greatly simplified by introducing the 
concept of double cosets. For example, a primary complex of H is the crosscut of H 
and G,sG,, where G, is a subgroup that fixes one letter a of G, and s is any permutation 
of G. The proof of Wielandt’s theorem is obtained very simply without the use of any 
representation theory and without the use of any ring, heretofore considered indis- 
pensable. (Received November 19, 1938.) 


43. M. H. Martin: Restricted problems in three bodies. Preliminary 
report. 

A restricted problem in 1 bodies is obtained when the motion of k, (1<k<n-—1), 
of the bodies is specified beforehand and the motion of the remaining n—k bodies is 
required under the hypothesis that the n —k bodies attract one another and are at- 
tracted by each of the k bodies according to Newtonian law. A properly restricted 
problem is one in which the & bodies are stipulated to move in accordance with a 
particular solution of the general k-body problem. This paper deals with the properly 
restricted problems in three bodies for which k =2, among which occurs the classical 
restricted problem of three bodies. The motions stipulated for the two bodies in this 
paper are the rectilinear solutions of the general two-body problem. If the rectilinear 
solution be of parabolic type, suitable variables x, y, may be introduced so that the 
differential equations for the motion of the third body are x’’+-x’ =2,, y’’+y’=2Q,, 
where © is the same as the function occurring in the classical restricted problem of 
three bodies. This dissipative dynamical system possesses five equilibrium solutions 
corresponding to the points in the (x, y)-plane where 2,=2,=0. Any positively 
(negatively) stable motion tends uniformly towards one of these equilibrium solutions 
as ¢t tends to + (— «). The existence and classification of motions both positively 
and negatively stable is investigated. (Received November 21, 1938.) 


44. Venable Martin: Monotone transformations of non-compact 
2-dimensional manifolds. Preliminary report. 


In this paper, the results of Roberts and Steenrod (Monotone transformations of 
two-dimensional manifolds, Annals of Mathematics, (2), vol. 39 (1938), pp. 851-862) 
are generalized to collections of compact continua on non-compact 2-dimensional 
manifolds. Theorem 1 of that paper carries over, and Theorem 2 requires only slight 
modification. A set K is called an A-space if K isa locally connected, locally compact 
continuum such that each of its maximal cyclic elements is a 2-manifold, and such 
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that if Pi, Po, +++, Pn,++*+ are points of maximal cyclic elements of K different from 
2-spheres, P; and P; being on different maximal cyclic elements for 7#k, then the 
set Fatt has no limit point. In the analogues of Theorems 3 and 5, a generalized 
cactoid is replaced by an A-space, and in the analogue of Theorem 5 the identifica- 
tions necessary may be denumerably infinite, but the points identified will have no 
limit point. (Received November 21, 1938.) 


45. C. N. Moore: On a new definition for derivatives of non-integral 
order. 


In the case of derivatives of the mth order (n an integer), it is well known that the 
expression [f(x) — Cn f(x+Ax)+C, 2f(x+2Ax) — - +(—1)"f(x+nAx) ]/Ax will tend 
to f(x) as Ax tends to zero. For a derivative of the rth order (r non-integral) form the 
expression [f(x) — Ax) + C,2f(x+2Ax)— --- +(—1)4 (x + kAx) ]/Ax, 
where & is the largest integer less than or equal to 1/Ax, and C,. represents 
the (k+1)st coefficient in the binomial development of (1+ x)’. If the expression 
formed above tends to a limit as Ax tends to zero, that limit is defined as the de- 
rivative of rth order. This definition can be shown to agree with earlier definitions in 
a variety of cases. (Received November 22, 1938.) 


46. Marston Morse and G. A. Hedlund: Symbolic dynamics. II. 
Sturmian sequences. 


Consider symbolic trajectories X of the form ++ in which c 
is either a or b. Let y be an m-block of X. The number of symbols a or 6 in y will be 
termed the a-length or b-length, respectively, of y. If the a-lengths (b-lengths) of any 
two m-blocks with the same m differ by at most one, X is called Sturmian. Let A, 
be the a-length of an arbitrary n-block of X. The limit of A, as n becomes infinite 
exists and will be denoted by @. Sturmian sequences are characterized by the value 
of a and two other numerical invariants. The types determined are irrational, skew- 
symmetric, and periodic. A simple mechanical construction of these types is given, 
the construction being uniquely determined by the three numerical invariants. The 
trajectories of irrational type are recurrent but not periocic. Let R(m) be the recur- 
rency index of X. The inferior and superior limits of R(s) » as n becomes infinite are 
studied. These limits are also investigated from a statistical point of view. Sturmian 
sequences may be used to characterize the distribution of the zeros of solutions of a 
differential equation of the form y’’+f(x)3=0, where f(x) is a periodic function of x. 
(Received November 25, 1938.) 


47. John von Neumann and I. J. Schoenierg: Fourier integrals and 
metric geometry. 11. 


In a previous paper with the same title (abstract 42-°-353), the authors deter- 
mined all functions F(t) such that the new space F(/::), arising from the one-di- 
mensional euclidean space /; by changing its metric from PQ to F(PQ), be isometri- 
cally imbeddable in Hilbert space §. In a recent paper (Annals of Mathematics, (2), 
vol. 39 (1938), pp. 811-841), Schoenberg determined all functions F(t) such that the 
space F(§) is isometrically imbeddable in . In the present paper the similar prob- 
lem of finding those F(t) such that F(£,,) be imbeddable in © is solved. Its solution 
is based on certain limiting theorems similar to P. Lévy’s fimit theorem for the char- 
acteristic functions in the calculus of probabilities. (Received November 21, 1938.) 
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48. C. O. Oakley: On the representation of line segments in the plane 
by equalities. 

This paper is an extension of both the methods and results of the author and of 
V. Alaci in the field of semilinear equations. (For a bibliography see the author’s 
paper in Bulletin Scientifique de l’Ecole Polytechnique de Timisoara, vol. 7, nos. 
3, 4, pp. 198-199.) In it is developed, by using certain auxiliary curves and the 
operators “ 
gons made up of any m line segments whatsoever. (Received November 23, 1938.) 


‘absolute values” and (or) f, [(sin ex) /x]dx, equations of generalized poly- 


49. Rufus Oldenburger: Minimal numbers. 

With each symmetric form F of degree p and field K of order p or more there is 
associated a minimal number m(F) such that F is a linear combination of m(F) pth 
powers of linear forms, and not such a combination with less than m(F) forms. In the 
present paper relations are obtained between the minimal numbers of sums and 
products of forms and the minimal numbers of these forms. These results have appli- 
cations in the theories of representation and factorability of forms. Thus if a form of 
degree p splits into a product of linear factors, its minimal number is not greater than 
p factorial. (Received November 21, 1938.) 


50. Oystein Ore: A remark on the normal decompositions of groups. 
It is shown that in a representation of a group G as the union of normal inde- 


composable subgroups, the components of nonabelian type are not only normally 


indecomposable in G, but also in themselves. (Received November 23, 1938.) 
51. J. C. Oxtoby: Nole on metrically transitive transformations. Pre- 
liminary report. 


In the metric group of all measure-preserving homeomorphisms of the n-dimen- 


sional cube, (122), which leave the boundary fixed, the metrically transitive trans- 
| cube, (122), which | he | lary fixed, tl t yt t 


formations form a residual set. Its Borel type is G,5. (Received November 22, 1938.) 


52. Edmund Pinney: General geodesic coordinates of order r. Pre- 
liminary report. 

This paper is a generalization of a paper entitled Geodesic coordinates of order r, 
by A. D. Michal (this Bulletin, vol. 36 (1930), pp. 541-546). In a geometric space 
having Banach coordinates and in which open sets satisfying Sierpifski’s axioms 
(i), (ii), (iii), and (v) are defined, contravariant vectors, linear connections of the 
second and higher orders, and tensors are defined. Geodesic coordinates of order r 
are defined, and an example is given together with the application of these coordinates 
to the evaluation of the covariant derivatives of tensors and linear connections. 
(Received November 26, 1938.) 


53. Everett Pitcher: The critical points of a map on a circle. 

Let R be a manifold of class C4, and let f be a map of R on the circle S. In terms 
of the angular coordinate @, let f be of class C?. Critical points of the map are differ- 
ential critical points of the function @ on R as defined by Morse, and type numbers 
are assigned to critical sets accordingly. (We assume that critical values of @ are a 
finite set.) Let M, be the number of critical points of f of type k, and let Ry be the 
kth connectivity modulo 2 of R. Then there are numbers p,20, defined as ranks of 
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suitably chosen groups of cycles, such that 
+----+(—1)*Ro—pz, where k ranges from 0 to n, the dimension of R. When k=n, 
the inequality is an equality and p,=0. The method depends on the Morse critical 
point theory and on the Mayer-Vietoris formulas. (Received November 23, 1938.) 


54. G. B. Price: Spaces whose elements are sets. 


This paper contains a study of metric spaces whose elements are sets in other 
spaces, in particular, in metric spaces, in Banach spaces, and in spaces in which there 
is an outer Carathéodory measure. The space whose elements are sets in a complete 
metric space and in which the metric is the Hausdorff metric is complete. The space 
whose elements are sets in a space with an outer Carathéodory measure can be 
metrized in such a way that it is complete. Linear operations are studied in the space 
whose elements are sets in a Banach space; these include generalizations of the convex 
extension of a set. The results have applications in the theory of integration. (Re- 
ceived November 21, 1938.) 


55. W. T. Puckett: A fixed cyclic element theorem. 


Let M be a locally connected continuum, and let the continuous transformation 
T(M)c M have the property that if E is a cyclic element of M, then no point sepa- 
rates T(Z) in M. It is shown that for such a transformation there exists a fixed cyclic 
element Eo, that is, T(Eo)C Eo. There exists, therefore, a fixed cyclic element pro- 
vided either (1) T(M)C M is continuous and for each y e T(M) the set T—(y) does 
not separate a cyclic element, or (2) T(M)C M is a homeomorphism (W. L. Ayres, 
Fundamenta Mathematicae, vol. 16 (1930), pp. 332-336). Another consequence is the 
well known theorem that the dendrite has a fixed point under any continuous trans- 
formation. (Received November 21, 1938.) 


56. W. T. Reid: Isoperimetric problems of Bolza in non-parametric 
form. 


This paper is concerned with the proof of an efiective Lindeberg theorem for 
non-parametric problems of the caiculus of variations. The problem of Bolza with 
variable end points and isoperimetric side conditions is considered specifically, and 
sufficient conditions for a strong relative minimum are obtained. It is of interest to 
note that the Lindeberg theorem here presented involves only the Weierstrass E- 
function of the problem under consideration. Moreover, the introduction of an 
equivalent associated problem renders a simplicity to the proof of the principal re- 
sults of this paper comparable to that for a problem which involves no auxiliary 
differential equations. (Received November 21, 1938.) 


57. R. F. Rinehart: An interpretation of the inertia of the discrimt- 
nant matrices of an associative algebra. 


Let A be a linear associative algebra over a field F. It is well known that the 
nullity of the first discriminant matrix T,(A) is equal to the order of the radical of A. 
The nullity, however, is only one of the invariants of T;(A) under transformations 
of the basis of A. If F is the real field, the nullity and the signature, or the nullity 
and the index of inertia, constitute a complete set of invariants of 7,(A). In this 
paper the interpretation of the invariants of T;(A) over the real field is completed 
by finding the significance of a second integer invariant of T;(A). The following two 
theorems are proved. (1) The index of inertia of T,(A) is equal to the number of 
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linearly independent idempotents bi, b2,---, bg in A/N, N being the redical of A, 
which have the property that },b; is zero, nilpotent, or equal to b;, for every pair of 
the set. (2) The index of inertia is equal to the sum of the number in a complete set 
of primitive idempotents of A and the order of a maximal nilpotent subalgebra of A, 
diminished by the order of the radical of A. (Received November 7, 1938.) 


58. G. E. Schweigert: Concerning the hyperspace associated with a 
pointwise periodic transformation. 

If M is a compact locally connected continuum, T(M) = M is pointwise periodic, 
and the period function is bounded on each cyclic element of M, then each con- 
vergent sequence of orbits has an orbit as its limit set. It is accordingly true that the 


decomposition of M into its orbits generates an interior transformation. (Received 
November 21, 1938.) 


59. W. T. Scott and H. S. Wall: Properties of analytic functions de- 
rived from their corresponding continued fractions. 


There is a 1-1 correspondence between power series P(x) and continued fractions 
of the form ¢o+Kz: (a;x*i/1) where a; is a positive integer (Walter Leighton, this 
Bulletin, vol. 42 (1936), p. 184). Conditions are obtained in order that (1) a power 
series shall correspond to a continued fraction with given a;, (2) the convergents of the 
continued fraction shall be Padé approximants for P(x), (3) the sum of the mth con- 
vergents of continued fractions corresponding to P(x) and Q(x) shall be a Padé ap- 
proximant for P(x)+Q(x). For a class of continued fractions it is shown that the 
analytic functions represented have the unit circle for a natural boundary. (Received 
November 25, 1938.) 


60. J. A. Shohat: On a differential equation for orthogonal polyno- 
mials. 


An elementary method is developed for the effective construction of a homo- 
geneous linear differential equation for a certain class of orthogonal polynomials 
(OP), the coefficients being polynomials of fixed degrees. Application is made to the 
classical OP, also to new examples. Some new asymptotic relations are derived in the 
theory of mechanical quadratures. (Received November 14, 1938.) 


61. J. A. Shohat and J. D. Tamarkin: On mechanical quadrature 
formulas for infinite intervals. 

In the existing literature the question of convergence of mechanical quadrature 
formulas for infinite intervals has been treated under rather restrictive assumptions. 
In the present paper, a new method is developed which seeks to unify the previous re- 
sults and to derive new ones, considerably more general. In particular, the assumption 
of the uniqueness of the corresponding problem of moments, which figured implicitly 


in previous investigations, is shown to be unnecessary. (Received November 23, 
1938.) 


62. F. C. Smith: Relations among the fundamental solutions of the 
generalized hypergeometric equation when p=q+1. II. Logarithmic 
cases. 


In a previous paper (this Bulletin, vol. 44 (1938), pp. 429-433), the author ob- 
tained the relations between the non-logarithmic solutions of the generalized hyper- 
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geometric equation about the point z=0 and those about the point z= © for the case 
in which p=q-+1. In the present paper, similar relations are developed when one or 
both sets of solutions contain logarithmic members. The results generalize those of 
Lindeléf (Acta Societatis Scientiarum Fennicae, vol. 19 (1893), pp. 3-31) and Mehlen- 
bacher (American Journal of Mathematics, vol. 60 (1938), pp. 120-128) who treated 
the case in which p=2 and g=1. (Received November 14, 1938.) 


63. R. H. Sorgenfrey: A theorem on atriodic continua. 


It has been shown by R. L. Moore (Proceedings of the National Academy of 
Sciences, vol. 20, pp. 41-45) that if S is a compact, nondegenerate atriodic con- 
tinuum lying in the plane a, and S contains no continuum which separates a, then S 
is irreducible between some two of its points. The following generalization has been 
obtained: Every compact nondegenerate continuum which is atriodic and unicoherent 
is irreducible between some two of its points. (Received November 29, 1938.) 


64. Ruth R. Struik and Miriam van Waters: A mathematical 
method applied to criminology. 


This paper is the result of two years’ investigation of records in the research de- 
partment of the Reformatory for Women in Massachusetts. It is an endeavor to re- 
duce life histories of women offenders to certain mathematical symbols and to relate 
them to the prognosis of success or failure on release from prison. The authors, how- 
ever, do not attempt to support a hypothesis of predictability of human behavior on 
the evidence only of the correlations obtained. (Received November 26, 1938.) 


65. Alvin Sugar: On a theorem in additive theory of numbers. 


In this note the author obtains a generalization of an ascension theorem of Dick- 
son’s and applies it to several interesting cases. (Received November 23, 1938.) 


66. Otto Sz4sz: On the Ceséro and Riesz means of Fourier series. 


Let a function be positive in the interval (0, 7) and convex upward. Fejér has 
shown that its sine series has all Cesaro means of third order positive and convex up- 
ward, but that this is not true in general for the Cesaro means of second order. The 
author shows that the former property holds for Riesz means of second order. Other 
generalizations of some of Fejér’s results are given. (Received November 22, 1938.) 


67. C. C. Torrance: Topologies in which the operation of closure is 
continuous. 


In this paper a study is begun of abstract spaces S in which the operation of 
closure is continuous with respect to closure in the space of subsets of S. (Received 
November 22, 1938.) 


68. S. M. Ulam: On the abstract theory of measure. 


Let {An}, (n=1, 2,--- ), be a sequence of abstract sets, and let B{A,} be the 
Borel field over these sets, that is, the smallest class of sets containing the sets A, and 
closed with respect to the operations of infinite summation and intersection. Neces- 
sary and sufficient conditions are found under which it is possible to define an abso- 
lutely additive measure for all sets in B{A,}. The same problem is sclved when a 
notion of congruence is defined for the sets An, and when one postulates equality of 
measure for congruent sets. (Received November 22, 1938.) 
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69. A. D. Wallace: Connected coverings and monotone transforma- 
tions. 

The results of this paper are based on work by H. Hopf (Freie Uberdeckungen und 
freie Abbildungen, Fundamenta Mathematicae, vol. 28 (1937), p. 33). In particular, 
the author relates finite coverings by connected sets with monotone transformations. 
Under the assumption that S is a Peano space, five theorems are proved. (1) If S 
admits a free transformation into a space of dimension at most k, it admits a free 
monotone transformation into a space of dimension at most k. (2) In order that S 
admit a free monotone transformation into a space of dimension at most , it is neces- 
sary and sufficient that it admit a free finite covering of order at most k+1 with closed 
and connected sets. (3) S does not admit a free monotone transformation into a den- 
drite. (4) In order that S be unicoherent, it is necessary and sufficient that every 
finite covering of order 2 with closed and connected sets have an acyclic nerve. (5) In 
order that S be unicoherent, it is necessary and sufficient that every 1-dimensional 
monotone image of S be acyclic. (Received November 19, 1938.) 


70. A. D. Wallace: On interior transformations. 


Assume that S is a Peano space and 7T(S)=5; is an interior transformation. In 
this paper, the following results are obtained: (1) If T is light, then about each point 
in S there is an arbitrarily small open connected set R such that T(F(R)) = F(T(R)), 
where F(R) =R—R. (2) If X is a closed subset of Si, then X separates S; irreducibly 
between the points p and q if and only if T~*(X) separates S irreducibly between 
T-(p) and T-1(q). If P isa property of point sets, denote by Q(P) the property that 
the boundary of every region has P. (3) If P is an interior invariant and S has Q(P), 
so also has S,. (4) If P is finitely additive and S has Q(P), then T~(x) has P for each 
x in S;. (Received November 19, 1938.) 


71. J. L. Walsh: Maximal convergence of sequences of rational func- 
tions. 


Let S be a region bounded by a finite number of disjoint Jordan curves Cy and a 
finite number of disjoint Jordan curves C_; disjoint with Co. Let u(x, y) be harmonic 
in S, continuous in the corresponding closed region 5, equal to zero and —1 on Co and 
C_s. Denote by C, the locus u(x, y)=0, (0>c0>-—1), and by S, the region bounded 
by C, and C_;. Let f(z) be analytic throughout S, but not throughout any S,,, (p’>p), 
and let f(z) be continuous on C_;. Let f,(z) be analytic in S, continuous in S, with 
lim supn.. [max|f,(z)|, z on C,]'/*<e*>1, and lim supn.., [max| f(z) —fn(z)|, 
on C_.4]'"<e<1. Then a+ap—fSp20; and the equality sign here implies 
lim supn.. [max|f,(z)|, on lim supn.. [max| f(z) 
—fr(z)|, 2 on (9 —1). In this theorem (latter part) are in- 
cluded many of the expansions in series of rational functions recently studied by the 
writer (Interpolation and Approximation by Rational Functions in the Complex 
Domain, American Mathematical Society Colloquium Publications, vol. 20 (1935), 
chaps. 8 and 9). The concept and properties of maximal convergence of expansions 
in polynomials extend thereby to expansions in rational functions whose prescribed 
poles satisfy asymptotic conditions. (Received November 19, 1938.) 


72. J. L. Walsh: Note on the location of zeros of the derivative of a 
rational function whose zeros and poles are symmetric in a circle. 
Let the points a, be given interior to C: |z| =1, and let II be the smallest closed 
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curvilinear polygon interior to C bounded by arcs of circles T orthogonal to C, such 
that II contains each of the points az, and such that each © bounds a region contain- 
ing in its interior no ay. Then II contains on or within it all the zeros of r’(z), where 
r(z)= [(z—ax) /(i —axz) J, =1). This theorem may be considered as the non- 
euclidean analogue of the Lucas theorem concerning the zeros of the derivative of a 
polynomial. The theorem extends to Blaschke products and various harmonic func- 
tions. (Received November 10, 1938.) 


73. S. E. Warschawski: On functions analytic in a half-plane. 


In 1935 Hille and Tamarkin proved that a function f(z), z=x+7y, regular in x >0 
of the class {@,,| f(x+iy) | ?dySM forall x>0, (p21), can be written as f(z) =b(z)g(z), 
where b(z) is the “Blaschke product” associated with f(z) and g(z) 0 and is of the 
same class as f(z). In the present paper, analogous theorems are proved for the follow- 
ing three classes: (a) (b) logt|f(z)|dy<M, 
(c) (1/2)af~.|f(z)|?dys M, (p>0), for all x>0. Moreover, the first two classes are 
identical with classes of functions f(z) decomposed in the above manner, for which 
log g(z) is representable by certain types of Poisson-Stieltjes integrals. For p21, the 
functions of the class (c) are representable by the Poisson integral in x >0. (Received 
November 23, 1938.) 


74. G. T. Whyburn: On irreducibility of transformations. 


For a continuous transformation T(A) =B on a compact set A, certain associated 
“diameter functions” are defined and use is made of the continuity properties of these 
functions in a study of properties of T. For example, it is shown that T is strongly 
irreducible (that is, no proper closed subset of A maps onto all of B) if and only if the 
set E of points x with x= 7—'T(x) is dense in A. If A is connected and locally con- 
nected, T is irreducible (that is, no proper subcontinuum of A maps onto B) if and 
only if the set E is dense in the set of non-cut points of A. In either of these cases, if 
T is interior, it is necessarily a homeomorphism. In general, the set of points on which 
T is light, that is, the set of points x such that T-!7T(x) is 0-dimensional, is a G3. 
(Received November 18, 1938.) 


75. G. T. Whyburn: Semi-locally connected sets. 

A metric connected set M is said to be semi-locally connected if for each x « M 
and each e>0 a 6>60 exists such that M— V,(x) is contained in a finite number of 
components of M—V,(x). The class of compact semi-locally connected continua in- 
cludes but is not included in the class of compact locally connected continua. In this 
paper a study is made of the structure of such continua, and it is found that they have 
many of the properties of locally connected continua. For example, each component 
of a set of the form M—x, x e M, is open and strongly connected. The simple links 
and the Oth order cyclic elements are identical and are themselves semi-locally con- 
nected. The intersection of any connected set and one of these elements is either 
connected or vacuous, each component of the complement of such an element is 
bounded by a single point, the nondegenerate elements form at most a null sequence, 
for any two points a and b of M, the sum of a, b and all points separating a and b is a 
compact set, and so on. (Received November 21, 1938.) 


76. E. F. Beckenbach and Maxwell Reade: A characterization of 
isothermic spherical maps. 
Continuing the work reported in abstracts 44-3-92 and 44-7-309, the authors 
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prove the following theorem: If x;(u, v), (j=1, 2, 3), are of class C; (that is, all deriva- 
tives of order less than or equal to three are continuous) in a simply connected 
domain D, then a necessary and sufficient condition that these functions map D 
isothermically on a spherical surface, such that circles are not mapped on circles, is 
that (1) > ee [oxj(u, v)(du+idv) ]?=0(r*), where C is a circle of radius r in D, hold 
identically in D for a=6 but not for a=8. Condition (1) holds identically in D for 
a=8 if and only if it holds for a= ©, and if and only if D is mapped isothermically 
either on (2) a spherical surface, such that circles are mapped on circles, or on (3) a 
minimal surface; (2) was omitted from a previous report (44-7-309) on minimal sur- 
faces. (Received December 5, 1938.) 


77. Garrett Birkhoff: The mean ergodic theorem. 


A one-page proof is given of von Neumann’s mean ergodic theorem, in the follow- 
ing generalized form: Let X be any uniformly convex Banach space, and T any linear 
operator on X of norm at most unity. Then the means of any point of X, under 
transformation by powers of T, converge strongly to a limit. (Received December 28, 
1938.) 


78. Garrett Birkhoff and Morgan Ward: A characterization of 
Boolean algebras. 


It is shown that a lattice of finite dimensions is a Boolean algebra if and only if 
every element of the lattice has a unique complement. More generally, this holds for 
complete, atomistic lattices. (Received December 10, 1938.) 


79. Harald Bohr and D. A. Flanders: Algebraic functicns of 
analytic almost periodic functions. 


In a previous paper (Danske Videnskabernes Selskab, Mathematisk-fysiske 
Meddelelser, vol. 15 (1937), pp. 1-40) the authors have studied the solutions of 
algebraic equations whose coefficients are almost periodic functions of a real variable. 
The present paper considers the corresponding problem when the coefficients are 
analytic almost periodic functions. The basic theorem on the almost-periodicity of 
the solutions follows readily from the corresponding theorem (due to Walther and 
Campbell) for the real variable case. It is then shown that if the Dirichlet exponents 
of the coefficients are bounded below while those of the discriminant have a minimum, 
the Dirichlet exponents of the solutions are bounded below. Using a theorem of 
Ostrowski (Mathematische Zeitschrift, vol. 37 (1933), pp. 98-133) concerning the 
formal solution of algebraic equations whose coefficients are formal ordinary Dirichlet 
series (that is, with exponents A, 7 ©), it is shown that if the Dirichlet series of the 
coefficients are of this type, so also are those of the solutions. These results are related 
to an earlier work of Ritt (Transactions of this Society, vol. 31 (1929), pp. 654-679). 
(Received December 7, 1938.) 


80. O. K. Bower: Paradoxes involving mathematical expectation. 


If the set of discrete values of a stochastic variable x is e;, (¢«=1, 2,- +--+), with 
probabilities p(e;), the ordinary definition of expectation associated with the set on a 
single trial is p(e;) Mj, in which Mj, (¢=1, 2, - - - ), represents the amount of gain for 
the respective values or events. This definition makes expectation zero for games for 
which it is reasonable to take it otherwise. The present paper redefines expectation 
so that if the event e; is imbedded in a finite number of trials, expectation may be 
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taken different from zero; the modified definition coincides with the usual one if the 
event is imbedded in an infinite number of trials. Application is made to some para- 
doxes involving mathematical expectation, including the famous St. Petersburg 
paradox and the martingale. (Received December 19, 1938.) 


81. O. K. Bower: The equation f(x+y) =f(x)f(y) and a system of 
functional equations depending upon its solution. 


In the discussion of the single equation, the author uses results of an unpublished 
paper by O. K. Bower and J. D. Grant, A system of simultaneous bilinear functional 
equations, an abstract of which appeared in this Bulletin (abstract 38-7-160). A 
synopsis of this unpublished paper is given in the present paper. (Received December 
22, 1938.) 


82. George Comenetz: The limit of the ratio of arc to chord for a 
space curve. 

Consider a regular analytic curve in complex euclidean space of three dimensions 
which passes through a point P in a minimal direction. Let m be the order of contact 
of the curve with its minimal tangent line at P, and let m be the order of contact of 
the curve with the minimal plane which contains that minimal line. Let the value at 
P of the derivative of the radius of curvature of the curve with respect to arc length 
be c. Then if m>2n, the limit of the ratio of arc to chord is 1; if m<2n, the limit is 
2(m+1)/2/(m-+2); and if m=2n, the limit is c{c?—(n+1)2/(2n+1) } 12, The study 
of this feature of the geometry of complex curves which are isotropic at an isolated 
point only was initiated by Kasner (see references in Proceedings of the National 
Academy of Sciences, vol. 18 (1932), p. 267). (Received December 5, 1938.) 


83. J. J. DeCicco: The analogue of the Moebius group of circular 
transformations in the associated Kasner plane. 


This is a continuation of two papers by Kasner (Science, vol. 85 (1937), pp. 480- 
482; Proceedings of the National Academy of Sciences, vol. 23 (1937), pp. 337-341), 
abstract 42-11-398 by Kasner, and abstract 44-11-444 by the author. A simple horn- 
set is the totality of all curves (third order elements) which possess a common point 
and direction. Let x=y, y=dy/ds, where y is the curvature and s is the arc length. 
A simple horn-set is then called the associated Kasner plane K2, where any point of 
Kz isa curve (x, y) of the simple horn-set. By the group of conformal transformations, 
one finds that two distinct points of K2 possess the unique conformal measure 
(x2—%,)?/(y2—41). The locus of points of K2 at a constant conformal measure from a 
fixed point is called a parabolic circle. In this paper is found the group of point trans- 
formations in K2 which convert parabolic circles into parabolic circles. The result is a 
continuous seven-parameter group G;, the parabolic circle group. Moreover, if a 
point transformation of K2 converts more than 2 #? parabolic circles into parabolic 
circles, then it must be a parabolic circle transformation. (Received December 19, 
1938.) 


84. J. J. DeCicco: The polygenic functions whose associated series 
are equiparallel series. 


This is a continuation of two papers by Kasner, A complete characterization of the 
derivative of a polygenic function (Proceedings of the National Academy of Sciences, 
vol. 22 (1936), pp. 172-177) and The polygenic functions whose associated element-to- 
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point transformations convert unions into points (this Bulletin, vol. 44 (1938), pp. 726- 
733). Kasner has shown that the derivative y=dw/dz of a polygenic function 


w=¢(x, y)+iy(x, y) with respect to z=x-+7y defines an element-to-point transfor- 


mation 7. This transformation is characterized by the three properties: (1) the circle 
property; (2) the ratio —2:1 property; (3) the affine-similitude property. The ~«? 
series of the y-plane which by T are converted into the ~? points of the z-plane are 


called the associated series of w. In the present paper all polygenic functions whose 


associated series are equiparallel series are obtained explicitly. There are three distinct 
fundamental types (A), (B), and (C) of polygenic functions with this property. The 
corresponding geometric situations in the z- and y-planes under each of these three 
fundamental types (A), (B), and (C) are also obtained. (Received December 19, 


1938 


85. Nelson Dunford and B. J. Pettis: On completely continuous 
operations in L. 


space of functions defined and integrable over the unit interval, then an 


e 
operation T(¢) =y, such that to each ¢ in L is assigned an element y in L, is linear and 


completely continuous if and only if T(¢) can be represented as T(¢) = J, K(s, t)¢(é)dt, 
where (1) K(s, t) is measurable and vanishes outside of the unit square, (2) 
ess.sup. | (s, and lit | K(s+h, t)—K(s, t)|ds=0. 
The norm of the operation is the constant Cit 2 The theorem has applications to 
integral i (Received 1938.) 


86. H.L. Garabedian: A sufficient condition for Cesaro summability. 
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izing the types (G) and (F) of Banach. In the first case, here called a group space, 
addition is the basic operation; in the second, here called a continuous vector space, 
scalar multiplication is also defined. The topology is based upon closure rather than 
upon distance, and in order that the basic operations be continuous, it is postulated 
that the notion of closure be invariant under the basic operations. Various applica- 
tions of these definitions are given. (Received January 3, 1939.) 


90. R. P. Isaacs: A geometric interpretation of the difference quotient 
of polygenic functions. 


Let f(z) be any polygenic function and w=pe*’. Define the operators Af(z) 
=w[f(z+w) f(z)] and =ea/dz+e-a/az. Then A = —1 ] or (1) y=Af(z) 
where the A;, are complex numbers for any particular z. If (1) is plotted as a surface 
for some particular z, with the rectangular coordinates R(y), I(y), and p, and with 
6 as a parameier, an hourglass shaped figure is obtained. The derivative of f at the 
section p=0 shows that this section, the “waste” of the hourglass, is the Kasner deriva- 
tive circle. The surface is therefore called the Kasner-coid or K-coid. A geometrical 
interpretation of the difference quotient of a polygenic function is thus obtained. 


(Received December 13, 1938.) 


igebras of type G. 


l of type G (order 14) over any field 
of Cas s are 1 as the algebras of derivations of 
ge lgebras are norphic if and only if the cor- 
re ley s oup of automorphisms of a Cayley algebra 
and the group of ns of its derivation algebra are isomorphic. The 
determination of Cay] stems may be reduced, as is known, to a problem on 


equivalence of certain quadratic forms in 8 variables. (Received December 5, 1938., 


92. B.O. Koopman: The axioms and algebra of intuitive probability. 


Probability, in its original sense, belongs to the category of intuition. Between this 
and the numerical probability of mathematicians there has long subsisted a logical gap. 
It is the object of the present paper to attempt to bridge this by implementing the con- 
cept of intuitive probability with a precise formulation based on a system of axioms, and 
thence.to derive the numerical probability together with all its classical properties. 
The mathematical groundwork is a Boolean algebra of (contemplated) propositions; 
the notion of introducing various bodies of specific information has its counterpart 


in the modular reduction of this algebra to quotient algebras with respect to its vari- 
ous ideals; and the intuition of probability is given its mathematical expression in a 
partial ordering relation between the diverse remainder classes in the Boolean algebra. 
Thirteen axioms are then introduced on an a priori intuitive basis, and a systematic 


theory is developed from them, leading eventually to the classical theory. It is worth 
remarking that no use of the whole paraphernalia of “collectives” and “multiple- 


valued truth functions” has been made. (Received December 16, 1938.) 


93. E. H. Larguier: On the foundations of mathematics. 


This paper is a discussion of the origin and the nature of the concepts used in 
+r 16, 1938.) 


mathematics. (Received 
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94. L. B. Robinson: On an equation solved by a fonctionnelle. 


For the equation (1) A(1+2x™)u’(x) =x?u(x*) —kx’, where m, p, r are positive in- 
tegers, successive approximations give a singular solution holomorphic except at zero 
and infinity. The formula for the mth term of this solution can be calculated. To prove 
convergence assume that d is not too great. If k=0, a new equation is obtained. By 
making use of the result given above, a secondary solution with the following char- 
acteristics can be found: (1) It has singular points at zero and infinity; (2) it admits 
the circumference of the unit circle as a singular line; (3) it depends on an infinite 
number of parameters and is therefore a “fonctionnelle.” (Received December 20, 
1938.) 


95. Barkley Rosser: Definition by induction in Quine’s “New 
foundations for mathematical logic.” 


In Quine’s New foundations (W. V. Quine, New foundations for mathematical logic, 
American Mathematical Monthly, vol. 44 (1937), pp. 70-80) the axiom of infinity 
does not appear to be provable. In a certain stronger system, very closely related to 
Quine’s New foundations, the axiom of infinity is provable. One of the peculiarities of 
this latter system is that even unstratified propositions can be proved by induction 
(this is used in the proof of the axiom of infinity). It would seem that definition by 
induction should be possible quite irrespective of any conditions of stratification in 
this latter system. In this paper it is shown that such is the case. (Received December 
24, 1938.) 


96. Barkley Rosser: On the first case of Fermat’s last theorem. 


In this paper it is proved that if x?+y?+z2"=0 has a solution with x, y, and z 
integers in the field of the pth roots of unity and prime to p, then p=8,332,403. The 
method of proof is as follows. If m?-!=1 (mod p?), then m is the pth power of a primi- 
tive root modulo p?. There are p—1 such pth powers, and (since —1 is a pth power) 
half of them occur between 0 and p?/2, and half between p?/2 and p%. So mP-! 
=1 (mod p?”) for exactly (p—1)/2 m’s between 0 and p?/2. However, if there is such a 
solution of the Fermat equation as described above, then, by a theorem of Morishima, 
m?-1=1 (mod p?) for each prime m $31, and hence for any m having no prime factor 
greater than 31. It is then shown that, for all x’s less than or equal to 8,332,366, the 
number of m’s less than x?/2 and having no prime factor greater than 31 is greater 
than x/2, and this proves the theorem. (Received December 24, 1938.) 


97. Vivian E. Spencer: Extensions of theorems of Markoff and 
Krein. 

These theorems deal with the behavior of the zeros {xin} of sequences { &,(x)} 
of orthogonal polynomials as functions of the associated sequences of moments 
{ a, } and of the sequences of constants {c,} and {A,} determining the corresponding 
recurrence relation. The extended results concern xin as a function of {a;}o2"~1. 
Markoff's original theorem is restricted to polynomials all of whose zeros x;, are posi- 
tive. This restriction has been removed, and special cases have been considered. One 
of the latter is found also to be a consequence of the extended Krein theorem. (Re- 
ceived December 20, 1938.) 
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98. R. L. Swain: On continua obtained from sequences of simple 
chains of connected regions. 


Suppose that G;, G2, Gs, - - - is a sequence of collections satisfying R. L. Moore’s 
Axiom 1 (R. L. Moore, Foundations of Point Set Theory, American Mathematical 
Society Colloquium Publications, vol. 13). Suppose that for each positive integer n, 
C, is a simple chain of connected regions of G, such that C,* contains the closure of 
C.%,1, where C,* is the sum of the point sets of the chain C,,. Then the common part of 
the point sets C,*, C*, C;*, - - - is a compact atriodic continuum, every subcontinuum 
of which is unicoherent. (Received December 27, 1938.) 


99. Annette Vassell: Sectional families of curves. 


Let S be an arbitrary surface. A sectional family is a triply infinite family of plane 
curves obtained by projecting centrally upon a fixed plane all the plane sections of S. 
This paper completes the solution of the problem first considered by Kasner in 1908 
of finding a characteristic set of geometrical properties of sectional families (see refer- 
ences in his paper, Dynamical trajectories and the ~* plane sections of a surface, 
Proceedings of the National Academy of Sciences, vol. 17 (1931), p. 370). A char- 
acteristic set of seven properties is found for families derived from a general non- 
developable surface S, and a different set of seven properties is found for develop- 
ables. The work is analogous to Kasner’s differential geometric characterization of 
dynamical trajectories (Transactions of this Society, vol. 7 (1906), p. 401). (Received 
December 5, 1938.) 


100. Morgan Ward: A characterization of Dedekind structures. 


Let = be a structure (lattice) in which a chain condition holds. It is proved that if 
for every pair of elements a and b of = the quotient structures [a, b]/a and b/(a, 6) 
are isomorphic, then 2 is a Dedekind structure (modular lattice). (Received Decem- 
ber 24, 1938.) 


101. Morgan Ward: A note on divisibility sequences. 


A sufficient condition is given that the binomial coefficients belonging to any se- 
quence of nonvanishing rational integers may be rational integers. The result is 
applied to prove that the binomial coefficients belonging to the Lucasian sequences 
recently studied by the author (Transactions of this Society, vol. 44 (1938), pp. 68- 
86) are usually integral. (Received December 24, 1938.) 


102. Morgan Ward: Finite point lattices. 


An element # of a lattice = with a null element z is said to be a point if it covers z. 
We call 2 a point lattice if every element in it is a union of points. It is proved that 
every finite point lattice may be obtained from a finite Boolean algebra by defining 
a suitable equivalence relation over it. The elements of the point lattice are the 
equivalence classes of the relation. The correspondence between the Boolean algebra 
and the point lattice thus induced preserves division and crosscut, but not union. 
It is also shown that every finite lattice may be imbedded in a point lattice, and con- 
ditions on the equivalence relation are given so that the point lattice may be modular. 
(Received December 24, 1938.) 
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103. Morgan Ward: Note on the general rational solution of the 
equation — by? =cz?. 

All rational solutions of the equation +--+ +any"=2", a; rational, 
are obtained under the assumption that m and m are coprime integers, and the result 
is applied to find all rational solutions of ax? — by? =z*. The procedure is unfortunately 
not applicable to finding integral solutions of the equations. (Received December 24, 
1938.) 


104. Morgan Ward: Ring homomorphisms which are also lattice 
homomorphisms. 


Let O be a commutative ring with unit element. Then if every ideal of O is prin- 
cipal, it is shown that O is a residuated distributive lattice with respect to the usual 
division relation in which the ascending chain conditions hold. It is shown that every 
ring homomorphism of O is also a lattice homomorphism to the sublattice of all 
divisors of the element m where (m) is the principal ideal fixing the ring homo- 
morphism. The homomorphism theory of principal ideal rings (in which O is a do- 
main of integrity) and finite Boolean rings (Boolean algebras) are included as special 
cases. (Received December 24, 1938.) 


105. Morgan Ward: The algebra of lattice functions. 


E. T. Bell's theory of numerical functions on the positive integers to the compiex 
numbers is generalized to functions on a quotient set of a semi-ordered set to a 
division algebra, by a suitably defined “Dirichlet multiplication.” The theory of 
factorablé numerical functions and multiplicative numerical functions is extended to 
any lattice, and a detailed study is made of a generalized norm on the lattice to an 
abelian group. The results of Glivenko on distance functions in a lattice and of 
Dedekind on module symbols over a lattice are shown to be intimately connected. 
Incidentally, a new characterization of a modular nondistributive lattice is given. 
Let y be such a lattice with the property that if a>) in y and a5, there exists an 
element c such that a covers c and c>b. Then y must contain a modular sublattice of 
order five which is “complete” in . A lattice y’ is said to be complete in a superlattice 
y if a covers 6 in 7’ if and only if a covers b in y. (Received December 24, 1938.) 


106. Morgan Ward and R. P. Dilworth: Evaluations over residu- 
ated structures. 

The positive reals and zero form a structure (lattice) with respect to the relation 
“less than or equal to.” An evaluation of a residuated structure 2 is a homomorphism 
to a structure of positive reals with the additional property that the product of two 
elements in the structure corresponds to the sum of the corresponding pair of real 


numbers. Evaluations are shown to be of frequent occurrence. The authors study 
chiefly discrete evaluations in which the structure of reals consists of the integers 
0,1, 2, -- + . The equivalence classes of the evaluation are shown to be substructures 


whose elements form a descending chain of primary elements. Evaluations which 
preserve residuation as well as multiplication are also studied, but are of less im- 
mediate interest. (Received December 24, 1938.) 


107. Morgan Ward and R. P. Dilworth: Lattice theory of ova. 


The theory of residuated lattices developed by the authors (Proceedings of the 
National Academy of Sciences, vol. 24 (1938), pp. 162-164) is applied to the problem 


1939) ABSTRACTS OF PAPERS 93 


of imbedding an ovum in an arithmetic recently treated by A. H. Clifford and others 
(Annals of Mathematics, (2), vol. 39 (1938), pp. 594-610). An ovum 0 is a set of ob- 
jects satisfying all the postulates for an abelian group save the existence of inverses. 
Two classes of distinguished subsets of O are studied, product ideals and ovoid ideals, 
both of which form completely closed residuated lattices. A concise characterization 
of the possible arithmetical behavior of the ovum is thereby obtained. In particular, 
it is shown that by the adjunction of a finite number of ideals, every finite ovum may 
be imbedded in a residuated lattice in which every element, and in particular the 
elements of the ovum, may be uniquely represented as a crosscut of primary elements. 
(Received December 24, 1938.) 


108. Kurt Gédel: The consistency of the generalized continuum- 
hypothesis. 

We use the following definitions: 1. Mp=A; 2. May: is a set of those subsets of 
Maz which can be defined by propositional functions containing only the following 
concepts: ~, v, the e-relation, elements of M,, and quantifiers for variables with 
range M,; 3. Ms=)>-acpMa for limit numbers 8. Then My,, or Mg (@ being the first 
inaccessible number) is a model for the system of axioms of set theory (as formulated 
by A. Fraenkel, J. von Neumann, T. Skolem, P. Bernays) respectively without (or 
with) the axiom of substitution, the generalized continuum-hypothesis (2Na=¥X «+:) 
being true in both models. Since the construction of the models can be formalized 
in the respective systems of set theory themselves, it follows that 2%e=Na41 
is consistent with the axioms of set theory, if these axioms are consistent with 
themselves. The proof is based oa the following lemma. Any subset of My,, which is 
an element of some Mg, is an element of M.,,,. This lemma is proved by a generaliza- 
tion of Skolem’s method for constructing enumerable models. Since the axiom of 
choice is not used in the construction of the models, but holds in the models, the con- 
sistency of the axiom of choice is obtained as an incidental result. (Received Decem- 
ber 29, 1938.) 
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